
MATHEMATICAL TRIPOS 
1918—1922 



CONTENTS 



PAGE 

1918 

1 

1919 

14 

1920 

27 

1921 

44 

1922 

01 


PKINTKD IN GREAT BRITAIN 



MATHEMATICAL TRIPOS 
PART I 
1918 

Thursday, 30 May. 9—12. 

1. Shew that the locus of a point, such that the lengths of 
the tangeuts from it to two circles are equal, is a straight line. 

AB , CD are diameters of two circles and AC is parallel to 
BD. Prove that AD, BC meet ou the radical axis of the 
circles. 

2. Prove that the orthogonal projection of a circle is an 
ellipse. 

Shew that orthogonal projection docs not alteT the relative 
areas of different parts of a figure. 

Prove that in any of the triangles of maximum area inscribed 
in an ellipse, the tangent at each angular point is parallel to 
the opposite bide, and Uiat the medians intersect in the centre 
of the ellipse. 

3. Shew that, if 

x* - y- + z 2 + 2 (ujz, f -z 1 + u 2 + 2 hzx y z~ ~ jr + if + 2r.ry, 
then 

jp _ f ^ c 2 

1 l-b>~ l-^’ 

Prove that if x, y , 2 ? are not all equal, and 
1 1 1 , 

y J z x 

then orfz 2 = 1 and A 2 -1. 

4. Shew that 


(m -n 1 

/m-ny ) 

1 + 7 , 

) + [ 

(m + n 0 

\m + nJ ) 


Hence prove that log™ 13 = 1 + 3 log 10 11-10 log 10 2 apprnxi- 
mately, and that the error is about *OOOOG53. [log 10 c- *4343.] 
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5, Prove geometrically the formula for tan (A + B\ assuming 
that A + B is less than \tt. 

If A + B + prove that 

2 tan A cot B cot C- 2 tan A - 22 cot A- 


V 8111 X COS X ,, 

Also ]f tan tj = --, prove that 

J 1 - n snr x 

tan (x - y) - (1 - n) tan x . 

6. A straight racing track A B is viewed from a point P 
distant 1000 feet from the half-way post 11. The two halves 
of the track A U , HB subtend angles of 22° and 28° respectively 
at P. Determine within 3 inches the length oi the track, and 
find the angles PAP, PBA. 

7. Prove that, if // is an implicit function of x satisfying the 
equation ( x , ?/)= 6, the derivative of y with respect to x is 
given by 

<hf _ _ c</> jd(j> 
dx t*xf ty ’ 

If .r, y, z are connected by two equations of the form 
f{a\ //, z) - 0, <#> (r, y f z) - 0, determine the expression for ^ . 

Hence find the value of ^ for a triangle whose angles A, P, 
(/are such that 2 sin P sin C h 


i 4 . 4 . f(x l + \)dx f dx 

8. Integrate / - —^ 4 , , \—r t -— . 

n J .r +■ 2x i 3 JP (l + ,ry 

Express ax 1 + 2/>x + c in the form 

X (. j P 4 2 Bx + C) + 2 (fix 4 r) (A.r » P), 

where A, P, Pare given. Hence shew that, if X \ /i- 0, 

‘ (tf./'" 4 2h,r + r) dx __ + h 

(A.<^T'lBx+cy” JJaPTvBTTC) 9 
and that the condition X s /* - 0 is equivalent to Ar + Va - 2P/>. 


i 


9. Prove that the area enclosed by the curves xf ~ <r (7/ - x) t 
(a-x)y 2 - arx is (V - 2) a-. 

Prove also that the volume obtained by rotating the above 
area round the line x - \a is (4 - tt).' 
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10. Find an expression for the length of the perpendicular 

_ j y. _ fy £ — 

from the point (>, ?/, z) upon the line -j-- = ' m = ~ n • 


Perjiendiciilars are drawn from one corner of a rectangular 
block upon the three diagonals which do not pass through that 
corner. Prove that if these perpendiculars are projected on any 
edge of the block, one of the projections is equal to the suui of 
the other two. 


Thursday, 30 Miuf. 2 - f>. 

1. Two tangents P7\ PT are drawn touching a circle in 
T, T and intersecting in P. Tangents at T u T>, T cut 
P7\ J*!” in ranges ot points A 1 , A _», A .. and A A/, J/,... 
respectively. Shew 7 tint the>c ranges are pi eject ive with one 
another, and state what point in tire iiist range corresponds to 
the point P in the second. 

Shew also that the tw T o ranges are projective with the pen¬ 
cil formed by joining 7\, 7\, T t> . j o any point oil the circle. 

2. Shew how to draw a straight line which shall intersect 
each of two given non-inteiseding straight lines at right angles. 

A straight line meets two non-intersecting perpendicular 
straight lines in A , //. Micw that if A H is of constant length, 
the locus of its middle point is a circle. 


3. Write down the expansion of C1 f ./•)" in ascending powers 
of./, and shew that, approximately, when ./■,?/, z are small 

(1 i ./•)"' (1 + yY a 

(j + \ jP - 1 * nu + ni/-pz. 


The work that must be done to propel a ship of displacement 
h for a distance a in time t is proportional to $'])“ find 
approximately the percentage increase of work necessary when 
the distance is increased 1°/,, the time is diminished J°/ 0 ana 
the displacement of the ship is diminished 3 

Use logarithm tables to verify your result and to determine 
more accurately the percentage increase of work. 


4. Prove that the arithmetic mean of any number of positive 
quantities is not less than their geometric mean. 


l—2 
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If a Xi a 2 ,... a n are positive numbers such that 
a x + a 2 + ••• + 1> 

prove that 

11 1^2 

a x a* «h 

Prove also that if ,r is greater than any of the numbers 
a u then 

11. 1 ^ « 

•r-tfx u'-a 2 .r-(r» fti+ ft a + ... +« n 

5. Find correct to 1 °/ e the length of a chord which divides the 
area of a circle of 2 feet diameter in the ratio 1 : 2. 

6. A bar OA of length a revolves uniformly about its end 
0 , and has attached to the end A a bar of length i, whose 
end £ moves to and fro in a straight line. Shew that if B 
completes its movement on one side of the middle point of its 
travel in one-half the time that OA takes to make a complete 

revolution, the line of travel of B is distant (l 2r —dr s )a from 0 , 
and the length of the complete travel of B is 1 s /2a (/> ^2«). 

7. Prove thatthe line (x - a) cos 0 + //sin 6 ~ b al ways touches 
the circle (x - af + if ~ b'\ ana find the point of contact. 

A pair of parallel tangents is drawn to one of two equal 
circles, and another pair of tangents perpendicular to the first 
pair is drawn to the other circle. Prove that each of the 
diagonals of the square formed by the four tangents passes 
through a fixed point. 

8. Find the equations of the tangent and normal to the 
parabola if — 4a,r at the point (at\ 2at). 

From a point P ( at *, 2 at) on the parabola//*- ±ax two chords 
PQ> PR. are drawn, normal to the curve at Q and 72. Trove 
that the equation of ()R is 

yt + 2 (x + 2a) = 0. 

9. Prove that the locus of the centres of parallel sections 
of an ellipsoid is a straight line, and give the equation to this 
line in terms of the semi-axes a, h , c and the direction cosines 
/, m ) n of the normal to the section planes. 

Determine the locus of the centres of all sections of the 
ellipsoid by planes passing through a given point. 
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10. Find the differential equation satisfied by x , y indepen¬ 
dently of the special values of a, b in the equation 


;/ -- ax cos 


(H- 


Solve the equation 


d £ y 0 dy 

r d> + 2 dx-^^ 0 - 


Friday, 31 May. 9—12. 

1. A number of parallel coplanar forces act at fixed points. 
Shew that their resultant also passes through a fixed point 
however the forces are turned round tljcir points of application, 
provided they always remain parallel and unaltered in magni¬ 
tude. 

Within a triangle A BO a point P is chosen, and thp line 
AP is produced to cut BV in /). Equal parallel forces in the 
plane of the triangle act at A y //, C % P, and an equal but oppo¬ 
site parallel force acts at A Find the position of P in order 
that their resultant may always pass through P, independently 
of the direction of the forces. 


2. A chain of four equal heavy rods, each of weight TI r , is 
held up at points A, B in the same horizontal line. If the 
points of suspension arc drawn apart until the horizontal com¬ 
ponents of the pulls at A, B are each 2 \V, shew that A B = 8‘54 
times the length of a rod, and determine the slope of each rod. 


3. Explain and prove the principle of virtual work as applied 
to a system of rigid bodies. 

A weight IV is supported by a tripod standing on the ground. 
Each leg of the tripod is of length l and weight u\ and the feet 
form an equilateral triangle of side^. Equilibrium is maintained 
by three inextensible strings of equal length joining the middle 
points of the l^gs. Shew that when the ground is smooth the 
tension in the strings is 


but that if the 
W+3w 


by 2/i - 


3 ^/ 3 ' 


2 IT -i 3/r a 
3 JiW-a*) * 

ground is rough, this tension may be reduced 

* 

, where (i is the coefficient of friction. 
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4. Power is transmitted from one pulley to another by means 
of a belt round both pulleys. Shew that if the tensions in the 
tight and slack sides of the belt are Th T 2 pounds weight, and 
the speed of the belt is v feet per second, the horse-power trans¬ 
mitted is ( r J\ - T 2 ) r/530. 

Power is delivered by an engine through ropes passing round 
the flywheel of the engine and over pulleys in the mill. If the 
flywheel is 30 feet in diameter and turns at 90 revolutions per 
minute, determine how many ropes of 1 £ inch diameter will be 
required to transmit. 2000 horse-power. Assume the tension 
on the tight side to be equal to twice the tension on the slack 
side, and allow not more than 300 pounds per square inch pull 
in the ropes. 

5. A body starting with finite acceleration moves so as to 
have the following velocities in miles per hour at successive 
poiuts 400 yards apart: 

0, 9, 14, 1G, 1G, 13, 13*f>, 1*2. 

Construct acceleration-distance and timo-distance curves for 
the motion of the body, noting carefully the uuits and scales 
used. 

6. Prove that, if a particle is describing an orbit under the 
influence of a central force, the force F at any point of the 
orbit is related to the radius r and the perpendicular p on the 
tangent by the equation 



uliere h -= px\ and r is the velocity. 

A particle is projected from a point !* in a field of attractive 
force where r is the distance from the fixed centre of 
attraction 0. Prove that the orbit will be a circle passing 

through 0, provided that the velocity of projection 
and find the centre of the circle. 


7. The readings of a perfect and a faulty barometer are com¬ 
pared on two occasions, and it is found that the differences are 
STi and .r 2 inches, the heights in the perfect barometer being h l 
and h. 2 respectively. The differences being assumed due to the 
presence of air in the second barometer, fiud the correction to a 
reading h on the latter. No correction for the limited capacity 
of the reservoir need be made. 
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8. State the laws of refraction of light, and find equations 
to determine the deviation of a Tay which passes through a 
prism iu a principal plane. 

The angle of a glass prism, of refractive index :J, is f>0\ Shew 
that the greatest deviation which can be produced in a ray 
passing through the prism is 52° 20', and find the minimum 
deviation. 


9. Describe briefly the nature and properties of equipotentml 
surfaces and tubes of force in an electrostatic field. 

Two spherical conductors have unequal charges of opposite 
sign. Shew by general reasoning, without detailed calculations, 
that there will be either a point or a line of equilibrium. Indi¬ 
cate how the latter case depends upon the proximity of the 
spheres, the inequality of their clunges, and also upon their 
dimensions. Draw rough diagrams of the Jines of force aud of 
the equipotentiat surfaces (in axial section) for each case. 

10. State Ohm’s law relating to the current in a conductor 
and the potential di (Terence between the terminals. 

A given electric current is divided between two conductors 
in parallel. Shew that the heat developed is less than if the 
current w T erc divided in any other way than that which actually 
occurs. 


Friday, 31 Mag. 2—5. 

1. Shew that the inverse of a circle with respect to a point 
is either a straight line or a circle. Shew also that a pair of 
inverse points with respect to the circle invert into a pair of 
inverse points with respect to the inverse circle. 

If A\ B' are the inverse points of A, B with respect to a 
circle and P is any point upon it, shew that the circles BAB , 
BA B' meet again upon the circle. 

2. Prove that, between every pair of consecutive real roots 
of a rational integral algebraic equation/(.r) - 0, there is an 
odd number of real roots of the equation/'' (,r) - 0. 

Shew that the equation - itpx 1 + = 0 will have three real 

roots, provided 27/> 5 > q 1 . 

3. Find the limiting value of (tan 2a - 2 tan a)/a 3 , as a tends 
to zero. 
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Draw and discuss the graph of tan 3 A cot* A, as A varies 
from 0 to determining the maxima and minima, and the 
slope of the curve at A = 

4. An observer looking up the line of greatest slope of an 
inclined plane sees a tower due East of lnm. He walks 1000 
feet up the plane in a direction 25° North of East, and, on 
Teaching the level of the foot of the tower, finds that its eleva¬ 
tion is 20 ° 25'. If the plane makes an angle of 10 ° with the 
horizontal, determine the height of the tower. 


* 1 “ sin x . 

5 . Differentiate x 2 sin (3 - 2 .r), and log P - 7 — with respect 

1 + sin x 

to x. 

« .... 0^ 

Find the nth differential coefficient of ,--r->-. 

(x -3) (x+1) 


6 . Find expressions in terms of r and 0 for the sine and 
cosine of the angle made by the tangent to a polar curve with 
the radius vector from the origin. 

If an ellipse of eccentricity e is inverted with respect to its 
centre, ihe constant of inversion being A’, prove that {$ being 
measured along the arc of the inverse curve) 

(h P (l-Scos**) * 
d<f> a ] -rsin 9 

where <f> is the eccentric angle of the point on the ellipse cor¬ 
responding to the point on the inverse curve, and a is the semi¬ 
axis major. 


7. If j x m (a + bx n y dx ^ Up, prove that 

(np + m + 1 ) u p - x m+1 ( a 4 bx n y 4 - aiywp-i. 
Prove also that 


' 3 ° d u __ >} - 2 j* du 

0 cosh'* u n- 1 J 0 cosh " -2 n 


and fiud the value of 


r 

Jo 


du 

cosh® u * 
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8 . Two lines l,.v + n^y- rij, l a x + myy = » a are such that each 
passes through the pole of the other with respect to the ellipse 

a/® 

~o + ii- 1- Prove that a% 4 + = /qtr s . 

a 2 b 3 

If the two lines above always pass through the ends of the 
major axis of the ellipse, shew that they intersect upon the 

1V a - 2 2// a . 
ellipse ~ 2 + j. -1. 

9 . Four points are taken on a rectangular hyperbola xy =• r 
Find the condition that the chord joining two of the points 
shall be perpendicular to that joining the other two. Prove 
that this holds good for all three pains of chords if it is true 
for one. 


10 . Find the equation of the polar plane of the point (jc, y> z) 


with respect to the ellipsoid 1 z + ~ r . 


J, ami prove that the 


polar planes of all points which lie on a straight line pass 
through another straight line (the polar line). 

Shew that, if a' 1 (Jr - c 2 ) + h' 1 (& - a 1 ) + c' 2 (a 2 - b~) - 0 , any 
normal to one of the ellipsoids 




b‘ 1 


+ r 2 “ 1, a , 2 +)/ i+ c 2 ~ l 


is perpendicular to its polar line with respect to the other. 


Saturday, 1 Jmv . 9—12. 

1 . Shew that any system of coplanar forces may be reduced 
to three forces acting along the sides of a triangle arbitrarily 
chosen in that plane, and shew how to find the^e three forces. 
Apply your method to the following case. Forces indicated 
in magnitude and direction by 1,-2, 3,-4, f), - G act in order 
along the sides of a regular hexagon. Reduce these forces to 
three, acting along the sides of the equilateral triangle having 
its base along the first side of the hexagon and its vertex in 
the centre of the opposite side of the hexagon. 
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2. Determine the stresses in each member of the given crane, 
loaded as shewn, and supported at A aud B. The members are 
freely jointed at their extremities and their weights may be 
neglected. Their lengths are given in the figure. Distinguish 
between the members of the frame in thrust and in tension. 



3. A lamina can turn freely about a fixed axis. Find the 
conditions that an impulsive force acting in the plane of the 
lamina may produce no instantaneous reaction at the axis. 

A free lamina of any form is turning in its own plane about 
an instantaneous centre of rotation 8. A point P in the line 
joining 8 to the centre of gravity (} is brought to rest by an 
impulsive force passing through the point. Find the position 
of P in terms of 8(i and the radius of gyration about G , 
assuming that the velocity of (* is the same as before, but 
reversed in direction. 

4. A rigid ring hanging over a smooth peg is set spinning 
about its centre (which remains stationary) in its own vertical 
plane. It is completely fractured at one point A . Prove that 
the maximum bending moment experienced at the diametrically 
opposite point A* is 

2rV- f gr (4 + tt)*, 

and find the corresponding direction of A A'. The ring has unit 
mass per unit length, its radius is r and its angular velocity is o>. 

f>. The resistance to the motion of a train, for speeds between 
20 and 30 miles per hour, may be taken as - 4 J 0 V 2 + 9 in pounds 
weight per ton, where Fis the velocity in miles per hour. Sketch 
a curve shewing how the horse-power per ton, necessary to 
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overcome the resistance, increases with the speed as the speed 
rises from 20 to 30 miles per hour, the train being on the level. 

Steam is shut off when the speed is 30 miles per hour and 
the train slows down under the given resistance. In what time 
will the speed fall to 20 miles per hour? 

(>. Shew that the time of a small oscillation of a body about 
a horizontal axis perpendicular to the plane of motion is 

•vs- 

where h is the distance of the centre of gravity of the body 
from the axis and k the radius of gyration of the body about 
tlu axis. 

A flywheel weighing 3 tons is suspended fiom a pair of centres 
entering conical holes in the rim so that it can swing in a ver¬ 
tical plane. The line joining the centres is parallel to and distant 
4 feet from the axis of the wheel, and the period of a complete 
swing is 3'2 seconds. Find the radius of gyration of the wheel 
about its axis, and determine bow much energy the wheel would 
lose in falling from a speed of 120 to DO revolutions per minute 
when revolving round its axis. 

7. An object is placed in si pi are room whose walls are 
plane vertical mirrors. Shew that tbe four images, each of which 
is formed by red exion in four mirrors in succession, are at tbe 
corners of a square, and that tlie orientation of each image is 
tbe same as that of tbe object. 

8. Prove tbe formula 

1 1 2 

- + = 

// v r 

for reflexion at a spherical mirror, and explain tbe convention 
adopted with regard to tbe algebraic signs of the lengths in¬ 
volved. 

A screen with a small hole is placed between a concave 
spherical mirror and its focus, so that the hole is on the axis 
of the mirror. Shew that the diameter of the part of the screen 
which will he visible by reflexion to an eye looking through the 
hole is 2 d (1 - ujr\ where d is the diameter of tbe mirror, r its 
spherical radius and u the distance between it and the screen. 
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9, Find tlie potential of a sphere of radius a, having an 
electric charge Q uniformly distributed upon it. 

An insulated sphere of radius 25 cm. is charged and after¬ 
wards connected to an electrometer by a long fine wire, the 
deflection being 75 divisions. The system 19 then joined to a 
distant insulated sphere of radius 12 cm. and the deflection 
falls to 53 divisions. Calculate the capacity of the electro¬ 
meter. 

10. State and prove the condition which must be satisfied 
by the resistances R u Jt 2l R 3 , R 4 of the arms of a Wheatstone’s 
Bridge, in order that no current may pass through the galvano¬ 
meter. 

If, after this condition has been satisfied, a new battery of 
electromotive force E be introduced into the galvanometer 
“bridge” so that the total resistance of the latter becomes 
R } find the current which will pass through the galvanometer. 

Saturday, 1 June . 2—5. 

1. Prove that the polar reciprocal of a circle with respect to 
an auxiliary circle is a conic, and indicate the positions of the 
foci and directrices. 

Two parabolas with vertices A* have a common focus S. 
If P u J\slyq 1 wo points, one on each of the parabolas, such that 
the angles A t S/ J u A>EP 2 are equal and measured in the same 
sense, then the tangents at these points will meet on the com¬ 
mon tangent of the two parabolas. 

2. A circle cuts an ellipse in four points. Prove that the 
line joining two of the points and the line joining the other two 
points make equal angles with either axis. 

Having given an ellipse, shew how to determine its axes. 

3. State Maclaurins theorem, and hence shew that the first 
five terms in the power series for log (J + sin ,r ) are 

x 2, ,r 3 a* u* 

A' — - - H-— 4- 

26 12 24* 

4. Explain what is understood by the radius of curvature at 
any point of a curve, and shew how it may be fouud for the 
curve y-f (>). 
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Find the curvature of the curve 

2y = 2^- 9# 3 + ll# 2 
at the points x- 0, x= 1, and determine within what range of 
values of x the curve is concave to the axis of -r. 


Prove that 

{* _ _dO _ v 

^ Jo d 1 cos 2 0 + 6* sin“ 6 2ab' 


.... [* (sin0 + eos0) tf0 
W Jo 9 + 16 sin 20 


1 

20 


log, 3. 


6. Shew that the kinetic energy of a rigid body in uniplanar 
motion is \ Mv 2 + 1MP where w is the angular velocity of the 
body and v the velocity of its centre of gravity. 

A circular plate of mass M and radius a has a mass m fixed 
in it at a distance b from the centre. An axis through the 
centre of the plate and perpendicular to it can slide without 
friction horizontally, while the plate revolves. If the plate is 
just disturbed from rest when m is in its highest position, find 
the angular velocities when the disc has made one-quarter and 
one-half a turn. 

Determine the pressure on the axis in each case. 

7. A cube of side 2 a slides down a smooth plane inclined at 
an angle 2 tan*** 1 ! to the horizontal, and meets a fixed horizon¬ 
tal bar placed perpendicular to the plane of motion and at a 

perpendicular distance - from the plane. Shew that, if the cube 

is to have sufficient velocity to surmount the obstacle when it 
reaches it, it must be allowed first to slide down the plane 
through a distance The obstacle may be taken to be 

inelastic and so rough that the cube does not slip on it. 

8. Prove that the electric intensity at a point just outside 
the surface of a conductor is 4n-o-, where a- is the surface density 
of electrification. 

Prove also that the intensity at all distances on either side 
of a plane uniformly electrified with a charge <r per unit area 
is 2ir<r. How are these two results to be reconciled? 
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Shew that, of the total intensity 2 nv at a point A distant 
half an inch from the plane, half is due to the charge at points 
within an inch of A . 

9. State and prove the conditions of equilibrium of a body 
floating in a heavy liquid. 

A prism of square section floats in water with its long edges 
parallel to the water surface and the centre line of one of its 
faces hinged to an axis fixed in the surface of the water. Shew 
that if the specific gravity of the prism is the opposite face 
of the prism will be three-quarters immersed. 

10. Prove that one of the principal points of a lens with one 
face plane is upon the curved surface, and determine the posi¬ 
tion of the other. 

A thin convex lens of focal length f is placed in contact with 
the curved surface of a hemispherical lens of radius r, the two 
lenses being on the same axis. Prove that the focal length of 
the combination is rf J/*4 (// - 1 )f J. 


1910 

Wjbiwksdav, 2N May. 9—12. 

1. Prove that opposite angles of a quadrilateral inscribed 
in a circle are supplementary. 

A, B arc two fixed point* on a circle whose centre is 0, P 
is any point on the circle and perpendiculars PM, PN are 
drawn to OA , OB. Prove that the length of MJV is constant. 

2. Prove the harmonic property of a quadrilateral. 

Prom the intersection of one pair of common chords of two 
intersecting conic* A', S' a tangent is drawn to the conic S. 
Prove that the tangent is divided harmonically by S’, 

& State the Binomial Theorem, and prove that 

- I 4 f)4* l&r + ... * (An '4 2) ,P' + .... 

4. Find the conditions that the expression a.P + 2Ac 4 - c may 
be positive for all real values of ,r. 
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Prove that the expression 

(a + c) ( a.I* + 2 hx + c) — 2 (ac - b 2 ) (^ + 1 ) 

has the same sign for all values of x> provided that the equa¬ 
tion ax 2 + 2bx + c - 0 has real roots. 

f >. Give a geometrical proof of the equation 

cos A + cos B = 2 cos l (A + B) cos \ (A B ), 

where neither A nor B exceeds ^?r. 

Prove the formula 

cos"*! sinM — cos 2-1 — } sin 2J sin hi. 

Eliminate A between the equations 

cos A + sin A ~ a, cos 2^4 - a 

0. A weight is hung from an endless string of length / 
passing over a milley of 1 foot diameter. The point of suspen¬ 
sion of the weight from the string is at distance d below the 

centre of the pulley. Shew that /== it — cos -1 ^ ^ (id 2 — 1)“. 

Draw a curve to show the relation between / and d for values 
of d between 1 and 3 feet, and determine for what value of d 
the \alue of / is 5 feet. 

7. If/GO is a rational integral function of x, prove that 
between any two real roots of the equation/GO 0 there lies 
one root at least, of the equation /'GO 0. Hence shew how 
to use/' (a j to find any multiple roots of the former equation, 
and use the method to determine the factors of the expression 

.* 1 - - fi.r* + 10*r + 21.r + 9. 


K. Integrate 

f (x - 1) d.r /* dx __ f (2 - sin x) dx 
' x s!(x 2 - 9) • sin-Gr cosOr •' sin x (l - cos x) 


* 9. Shew that the length of* an arc of the curve whose equa¬ 
tion is x- f(t\ y-4> (0, where t is a parameter, is 

/T/rf.A 3 AfrYl** 
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Hence find the length of an arc of the cycloid 
x = a (0 4 sin 0), y = a (1 + cos 0) 
and determine the centre of gravity of a uniform wire in the 
shape of the arc of the cycloid between 0 =. tt and 0 = - it. 

10. Prove the formula cos 0 =- U + mm' + nn\ for the cosine 
of the angle between two lines whose direction cosines are 
( l } m t n\ (/', m\ «'). 

A cube rests on a plane inclined at an angle a to the horizon, 
one diagonal of the base lying along a line of greatest slope. 
Find the inclinations of the diagonals and faces of the cube to 
the horizon. 


AVKDNUsDAY, 28 May. 1 A — 4 A . 

1. Prove that any transversal cuts the rays of a pencil 
formed by four concurrent lines in a range whose crovss ratio is 
constant. 

Prove also that any plane cuts four collinear planes in a 
pencil whose cross ratio is constant. 

2. Shew how to deteunine, when possible, a point on either 
of two non-intersecting straight lines which shall be at a given 
distance front the other line. How many solutions of the prob¬ 
lem will there he, and what is the minimum given distance in 
order that the problem may be possible? 

3. Prove that, if a, ft are two roots of the equation 

X* Vpx' + </.zr H rx + ,v - (), 

the other two roots will be equal if 

3 (a 2 I- /3~ i + 2a/3 f 2p (a b ft) \ 4 >j - p l = 0. 

4. Write down the expansions of sin x and cos x in ascend¬ 
ing powers of x. 

Prove that, if l is the length of the chord of a circular arc, 
li the chord of two-thirds of the arc and /j the chord of one-third 
of the arc, the length of the arc is approximately 

Vo (f ~ 9/j + 4;>/j) 

and that this approximation is correct to the order 6 6 where 0 
is the angle which the arc subtends at its centre. 
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5. Prove that in any triangle ABC 

tan = ^cot 

Find, correct to one foot, the third side of a triangle in which 
the lengths of two sides, including an angle 103° 52', are 417 
and 259 feet respectively. 


6. A man starts up the line of greatest slope of an inclined 
plane and after walking 1000 yards finds that he has risen 150 
feet. He turns to the right and after going 1000 yards has 
risen a further 100 feet If the line of greatest slope is due 
North, determine (i) the hearing to the North of the new path, 
(ii ) the bearing of the original starting point as seen from the 
last position. 

7. Find the length of the perpendicular from the point 
(jr\ y) upon the line ax + bg + c- 0- 

Find the coordinates of the in-centre of the triangle formed 
by the lines 

^ + y+ll=0, x-y +1 = 0, ,?'-7y+7-0. 


8. State and prove an expression for the area of a triangle 
of which the corners are (x l9 y } ), (x 2 , y*,), (x A9 y ,). 

Three normals having the equations y - m r x + (r - 1, 2, 3) 
are drawn to the parabola if = 4a,r. Prove that the area of the 
triangular space enclosed by them is 

lor (?/?! - 7??j) (m 2 ~ m ,) {m 2 ~ w,) (w 2 + m 2 + 


9. Prove that there are two real planes passing through the 
centre of an ellipsoid and intersecting the surface in circles. 

Normals are drawn at all point' of the circular central sec¬ 
tions of the ellipsoid 


a* f & 

— 4 - 4 - - — 

« a 0* r 


1 


( a>b>c ). 


Prove that they intersect the plane # = 0 upon the ellipse 


a 2 -*/ 





M, T. 


2 
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10. Solve the equations 

(i) (?+y-'*)j- x =x -y +3 * 

.... <Px r dx _ -ot • A J. 

(”) w + *dt +6 - r=e miit - 

Friday, 30 May. 9—12. 

1. A uniform rod rests with its ends on two smooth planes 
inclined at 30° and 45° respectively to the horizontal. Prove 
tha r the inclination of the rod will be cot 1 ( N /3 +1). Also find 
what weight, fixed to the rod at a quarter of its length from one 
end, will Millice to (‘liable the rod to rest horizontally. 

2. Two spheres, whose radii are a u a,,, rest inside a smooth 
hollow vertical light cylinder, of which the external radius is 
c, and the internal radius b , where b < a L *» a z . Prove that, if 
the sphere a x is the lower, the cylinder will not overturn if its 
weight exceeds 



wdiere tv is the weight of the upper sphere. 

3. A suspension chain carries a load uniformly distributed 
on a horizontal platform. Shew’ that if the weight of the chain 
may be neglected the curve of the chain is a parabola. 

in a .suspension bridge of 400 feel span and 40 feet dip the 
whole weight supported by the two chains is 2 tons per hori¬ 
zontal foot. Find the horizontal tension in the chains and the 
tension at the points of support. 

If a simple telegraph wire has a span of 75 yards and a sag 
in the middle of 1 loot, shew that the tension in the wire is 
approximately 480 pmmds weight, where the weight of the wire 
is 400 pounds per mile. 

4. A uniform chain 30 centimetres long, having a mass of 
1 gramme per centimetre, lies paitly in a stiaight line along a 
rough horizontal table, perpendicular to the edge. The portion 
hanging over the edge is just sufficient to cause the chain to 
commence to slip. The coefficient of friction with the table 
being find the velocity of the chain and its tension at the 
edge of the table when .r centimetres have slipped off. 
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5. The diagram shews the variation of the pressure along 
the bore of a gun 40 feet in length. Determine the curve of 
velocity of the shot along the length of the gun, and the 
approximate time taken to reach the end, neglecting the fric¬ 
tional resistance to motion, the recoil, and the energy of 
rotation of the shot. The diameter of the bore is 6 inches and 
the weight of the shot 100 pounds. 



6. State Kepler's three laws of planetary motion about the 
sun, and prove the “theorem of equal areas.” Indicate what 
modification is necessary when the finite mass of the sun is 
taken into account. 

The greatest and least velocities of a ceitain planet in its 
orbit round the sun, which may be regarded as fixed, are 30’0 
and 29*2 kilometres per second respectively. Find the eccen¬ 
tricity of the orbit. 

7. Find the centre of pressure of a rectangle immersed in a 
uniform liquid and having one of its sides in the surface. 

A cube, with edges of length 2a , is immersed in a liquid and 
has one edge in the surface and the two faces through that edge 
equally inclined to the horizontal. Find the centres of pressure 
of all the faces. 

8. Describe some optical method by means of which the focal 
length of a concave mirror may be determined. 


2—2 
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An object has a virtual image three times its size in a concave 
mirror of focal length 12 centimetres. Determine the position 
of the object. Is the image erect or inverted? 

9. Electric charges e ,... are placed at points O u 0 ... 
along a straight line. Prove that at all points P along any one 
line of force due to the system the value of 2te n cos0 rt is 
constant, where is the angle between the line of charges and 
PO H (» = 1, 2,...). 

Positive and negative unit charges are situated at two points 
A f B. Find at what distance from A B the plane normal to and 
bisecting A B is cut by the lines of force which issue from A in 
a direction parallel to this plane. 

10. A netwoik of wires as shewn is composed of 13 elements 
all of equal length and equal resistance r. A current 1 is led 
in at A and out at B. Indicate its distribution during its 
passage through the network, and prove that the equivalent 
resistance between A and B is \r. 
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Friday, 30 May. li—4J. 

1. Prove that the circle circumscribing the triangle formed 
by three tangents to a parabola passes through the focus: and 
that no new result is obtained by reciprocating this theoiem 
with respect to the focus. 

2. Experiments are made upon two related quantities x and 
//, and corresponding values are observed. Explain how it may 
be determined whether either 

nv 

(i) y - ax", or (iij y = 

approximately expresses the relation between them. 

Water is discharged over a weir and it is found that for 
different heights (//) of the free surface of the water above the 
bottom of the weir, the discharge ((f) is given by the following 
table: 

h 4 G 8 10 12 

Q 650 1740 3640 6360 9790 

SShew that the relation between () and h is of the form Q - ah n , 
and determine the best values of a and n. 

3. Draw a graph of the function 

sec 4 0-6see J 0-i 8 

for values of 0 between 0 and tt, and find by exact methods 
the values of 0 within this range for which the function 
vanishes. Shew also that the minimum value of the function 
is -1. 


4. Shew that if R , r are the radii of the circumsciibed and 
inscribed circles of a triangle, 

ft , r -~ \(b+c-a) tan j. 


ABC!) is a quadrilateral inscribed in a circle: shew that if 
AB+CD = BC+jDA, 

(i) a circle can be drawn touching the four sides, 

(ii) the circles inscribed in the triangles ABD , BCD 
touch one another, 


(iii) tan^| 
2 



nv.rj) 

DA.AB' 
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5. What is the geometrical meaning of 

f *(Lr) = H' 

OX 

Prove that, if, vhere/,, g v J t , g a> ...are func- 

giOi • On 

tions of Xy 

1 dy / 1 df x \df, \ /!& + 1 <% + ...\ 
ydl~\J\dx /> fa ' / Vj7, ^ ' 

(1 + + (1 - 
(l + ^Ml-* 2 )*' 

C. Prove that the coordinates of the centre of curvature C 
at any point (t, y) of the curve f - —- are 


Differentiate sin" 1 {'!«* J( 1 - aV )}, 


(-' It *♦!?)• 


Draw a rough diagram of the original curve and of the locus 
of C 9 and punre that the radius of curvature of the locus at the 
origin is 

7. Trace the (ui vc r co >0 = o sin 30, and shew that the area 
of a loop is Dr (9 J3 - ]*). 

8. The coordinates of any tw o points 1\ Q arc Or,, ;/,\ (> 2 , y 2 ), 
the origin being at O . Circles are described on OP, OQ as 
diameters. Prove that the length of their common chord is 
(v, jf PQ. 

9. Find the equation of the tangent to the ellipse 

.r^r + y/d 1, 

at the point (j ,}/). 

Prove that the normal^ to the ellipse at the points where it 
is met by the line 

* + * _1 
a cos <* b Sill a * 

meet in the point 

ar — lr , cr — Ir , 

,/=- cos 1 a, if- sin a. 

a b 
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10. Prove that, if the coordinate axes be suitably chosen, 
the equations of any tiro straight lines may be written in the 
form 

y — x tan a, z ~ c ; y- — oc tan a, z — — c. 

Shew that, through any point (£, yj, it is possible to draw 
a line which will intersect each of these two line^, and that the 
line so drawn will meet the plane x- 0 in the point 
y - c (y - £ 2 tarr a)l(cr} - tan a), 

Z-C (r)£ - c$ tau a)i(cr} - tail a\ 

Saturday, 31 May . 9—12. 

1. Explain the terms shearing force and bending moment at 
a section of a beam under given vertical loads. 

A beam AJ) y 35 feet long and supported at point.-, B and 0 
distant 10 and 5 feet respectively from the ends ri and I), 
carries a load 10 tons uniformly distributed along AB and a 
load of 5 tons at D. If the weight of the beam is neglected 
draw diagrams shewing the shearing force and bending moment 
at all points of the beam. 

2. Determine the stresses in each member of the given 
station roof frame supported at A and B and symmetrically 
loaded a as shewn. The member** are freely jointed at their 
extremities and their weights may be neglected. Distinguish 
between tile members in thrust and in tension. 


3 14 3 



3. A mass of AT pounds oscillates vertically at the end of an 
elastic string with amplitude feet, where m pounds is the 
weight which stretches the string one foot. If, when at the 
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lowest point of its travel, M receives a downward impulse li 
in poundal second units, shew that the time in seconds from 
the lowest point of the subsequent travel of M to its highest is 


B 

Mg + 


^7r —tan' 1 


B / m \ /M 
M V Mg) V mg ‘ 


4, A machine gun of mass M stands on a horizontal piano 
and contains shot of mass M\ The shot is fired at the rate of 
mass m per unit of time with velocity it relative to the ground 
If the coefficient of sliding friction between the gun and the 
plane is p, shew that the velocity of the gun backward by the 
time the ma>s M' is fired is 

M‘ (M+My-M* 

M u irnAl 


5. A locomotive drawing a total weight of 264 tons on the 
level exerting a tractive force of 20000 pounds weight at the 
speed of 15 miles per hour. It works at constant horse-power 
until its speed is 60 miles per hour, when it is just able to 
overcome the resistances to motion, which may be taken to vary 
as the square of the velocity. Shew that it readies the speed 
of 45 miles per hour from the speed of 15 miles per hour in a 
distance of approximately 5080 feet. 

6. A partide is projected from a point A so as to pass 
through a given point B and to return to the same level as A 
at a point 6 Y . Shew that the velocity with which the particle 
must he projected is 

/TS r ~lV( ’—^TATy 
V 2A~X.AB.AC 
where JS r lies in A C directly below B. 

7. State the laws of refraction of light. 

A ray of light is incident on the curved surface of a glass 
hemisphere in a direction parallel to its axis. The radius of the 
hemisphere is 2 inches and its refractive index 1 '5, Prove that 
the ray will not pass through the hemisphere if its distance 
from the axis greater than 1987 inches. 

8. Prove the formula ^ ^—- , for the refraction at a 

v u r 

spherical surface. 
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The radii of curvature of the front and back faces of a thin 
double convex lens are r, s , and a small object is placed upon 
the axis at a distance or from the lens. Find the position of the 
image formed by two refractions at the front face and a single 
reflexion at the back face. Find also the magnification produced. 


9. Shew how to find the electrostatic field due to a conduct¬ 
ing uninsulated sphere in the presence of a given point charge. 

A point charge e is placed at a distance / from the centre of 
an insulated uncharged sphere of radius a. Shew that the total 
charge on the smaller part of the sphere cut off by the polar 
plane of the point is 



rV 2 ' 



10. Find the least number of Grove’s cells, each having an 
j:.m.f. of 1*87 volts and a resistance of 0*17 ohm, which will 
send a current of 16 amperes through a resistance of 15 ohms, 
and shew how the cells should be arranged. 


Saturday, 31 May. 1}—Ij. 

1. Prove that two circles of a eoaxal system can be drawn 
so as to touch a given line. 

If A 9 B are the points of contact of the circles with the line, 
prove that (1) the circle on AB as diameter passes through the 
limiting points, (2) the polar of A with respect to every circle 
of the system passes through B. 

2. A parallelogram is inscribed in an ellipse. Shew that its 
sides are parallel to conjugate diameters, and find its greatest 
area. 

Two chords OPQy BPS of an ellipse arc drawn parallel to 
two fixed lines in the plane. Prove that the ratio of the rect¬ 
angles contained by their segments is independent of the posi¬ 
tion of P . 

3. Determine the point of inflexion upon the curve 

y = 2^-3^-12#+5, 

ind find within what limits the curve is (!) concave, (ii) convex 
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towards the positive direction of the axis of y. Trace the curve 
and determine the abscissae of the points at which the tangent 
to the curve is parallel to Hy = 20^+ 5. 

4. Shew how to determine the change in a function of several 
variables due to small changes in the variables. 

Francis’ formula for the number of cubic feet of water (j 
passing per minute over a weir of breadth b and depth h is 

Q -- 3*33 (/> - 0‘2//) Ir ; if the breadth of the weir is measured to 
be 8 feet ami the depth 1‘25 feet, determine the maximum 
percentage error made in estimating the quantity Q due to 
errors of 1 inch in the measurement of both the breadth and the 
depth of the weir. 

f>. Explain the method of integration by parts. 

Integrate j‘r n cos (Jkt -r c) dr, jd ,r cus J (J),r + c) dr. 

6. A uniform straight heavy rod A B of mass M is freely 
jointed about a smooth horizontal axis at J, and is supported 
fit an inclination to the vertical by a light string which is 
perpendicular to the rod and attached to it at II. The string is 
suddenly cut. Find the pressures on the axis at A before and 
immediately a ft«• rward s. 

7. A uniform trapdoor swinging about a horizontal hinge 
is closed by a spring coiled about the hinge. The spring is 
coiled so that it is just able to hold the door shut in the 
horizontal position. The horizontal opening which the door 
closes is in a body which is mounting with uniform acceleration 

/ Shew that, if/- (V.57 s (f, the door starting from the 

vertical positiou will just reach the horizontal position, a being 
the angle through which the spring is coiled when the door is 
in the horizontal position. 

8. Explain the value of equipotential surfaces and lines of 
force as indicators of the direction and relative intensity at 
each point of an electrostatic field. 

Two equal plane plates ol* any shape are placed opposite and 
parallel to one another at a distance Vd apart. One plate being 
earthed, a. charge E placed on the other raises its potential to 
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y Prove that either plate alone, placed at distance 6 from 
a parallel infinite conducting plane at zero potential, would be 
i juscd to potential i Vhy the same charge E* 

9. Two boards of the same length and the same small thick¬ 
ness and of widths a, b are fixed together lengthwise along a 
common edge with their plane* at right angles. Shew that they 
vill float in water with the common edge downwards and with 
the hoard of width a inclined at an angle 0 to the horizon, 
given by 

tan 1 0-1 //tan0-f/“ 

(F+ tai ley ~p(aTby 9 
where p is the specific gravity of the boards. 

10, Find the principal foci and principal points of a lens in 
which the radii of curvature of the faces are r, s and the 
thickness is t. 

A cylindrical block of glass of refractive index 1*5 has 
spherical convex ends wliose radii are } inch and 2\ inches, and 
the length along the axis is 9 inches. Prove that the magnifi¬ 
cation pioduecd in all small objects along the axis, on the side 
next to the owl with the greater curvature, is equal to - f>, awl 
that the image of an object at a distance of 1 1 niche* from this 
end coincides in position with the object. 


1U20 

Thuhsdyy, 3 June. 9—12. 

1. A HCDli is a regular pentagon and AC, BE intersect in 
If. Prove that AB = 67/ - Eli and that AB is a tangent to 
tlic circle BHC 

ii. State and prove the harmonic property of a pole and polar 
for a circle. 

AC A! and BCB’ are conjugate diameters of an ellipse and 
0 is any point on AA\ Any line parallel to BB ' cuts A A' in 
X and any pair of conjugate lines through 0 in P and Q . 
Prove that 

PN, NQ : ON *- BC 2 : AO. OA\ 
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3. Prove that as x varies from — <» to + co the function 


assumes twice over all values except those in an interval of 
length 4 ! a - /31, and locate this range of values precisely. 

4. Prove that the multiple roots of the equation 
/to = a t A M + a x x n ~ l + + ... + a H = 0 

arc all the common roots of 

/to = (>,/'(*)-0. 

If the a 6 are integers, and there is only one multiple root, 
shew that this root must be real and rational, whatever its 
degree of multiplicity. 

Determine by inspection of the equations 

/to*ft /'to-ft - 

the multiple roots of 

2 + 7a- 3=0. 


v. Find, correct to about a minute, the values of x between 
0° and 3GO° which satisfy the equation 

5 sin ir - 7 cos .r = G. 

Solve completely the equation sin \x + cos 3a* = 0, and prove 
that sin 4.r + cos 3x can be expressed in the form 

8 cos x (sin a - sin .r) (sin /J - sin ;r) (sin y - sin A*), 
determining suitable values for a, /?, y. 

vi. Prove that, if 

<f> (a) — x - l (H sin A.r - sin .r), <jf>' (.r) - " sin 4 J.0, 
and deduce that 


32 

15 


{*■)-% 



By taking x = to prove that 4 (Jti — J 2) ~ 1 is au approxi¬ 
mate value of 7 t, and use the above inequalities to form a rough 
estimate of the error. 


7. Integrate 

f dx f r'dx 


dx 
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8. Prove that the area enclosed between the curve r=/(0) 
and the radii vectores 0 = 0 1 ,0 = 0 2 is 



J*x 

The area of the loop of the curve {a? + y 2 ) 2 - 4 awf = 0 in the 
positive quadrant is 

ix. The equations of the sides of a triangle are u = 0, v - 0, 
tr - 0, wlierc 

u - ,r cos a + y sin a r =.r cos /? f ?/ sin — <y, 

/r =,r cos y + */ siu y - r. 

lh-ovc that the perpendiculars from the corners on the oppo¬ 
site sides meet in a point (the orthocentre) given by 
U COS (/? - y) = V COS (y - a) -= COS (a - j3). 

Three points (,r' 5 y'\ («r", y"), (x"\ y") lie on the rectangular 
liyperbola ,ry - a\ Prove that the orthoeentre (.r, y) of the 
triangle formed by the points is given by 

xx jr” .r'" yy y” y" = - a\ 
uul lies on the liyperbola, 

x. Prove that the equation 

,r*+ y 2 + z~ + 2/> f 2gy + 2/iz + c - 0 
■epresents a sphere if f 1 + {f + hr * c. 

Prove tliat a sphere can be drawn to pass through the mid¬ 
points of the edges of the tetrahedron whose laces are *r = 0, 

/ = 0, z - 0, xja + yjb + Zjc - 2. 


Thursday, 3 June. 11—4i. 

# 1. Given the limiting points >1, B of a system of coaxal 
■ircles, construct geometrically the circle of the system which 
>asses through a given point P. 

Prove that, if P moves on a tixed straight line and the coaxal 
ircle through P cuts AP in Q , the locus of is a straight 
ine. 

2. A regular polygon of 20 sides is inscribed in a circle of 
adius 10 inches. Find the difference between the perimeters 
f the circle and the polygon. 
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Find the greatest number of circular discs, of diameter 1 inch, 
which can be placed, without overlapping, between two concen¬ 
tric circles of radii 4 and 5 inches. 

3. Expand the function ~ — ? ■ 

1 2 + cos or 

in powers of or up to and including 

Give a rough sketch of its graph, finding its maximum and 
minimum ordinates, its points of inflexion and tlie slope of the 
graph at these points. Shew that certain portions are nearly 
rectilinear. 

4. A, B are two points, a ft. apart, on a horizontal plane in 
line with the base C of a tower. The elevations a, /? of the top 
of the tower are observed at A and B , (fi >a). Find the dis¬ 
tance o' of C from the middle point of A /A 

Prove that the increment in jr due to small increments 
5a, 8/? in a, p is given by 

Ss sin 2/38a - sin 2u8/^ 

./• si n {ft + a) sin — 

Shew that, if the uncertainty in a measured angle is + 6' and 
if ft- a - 20°, the uncertainty in s will not exceed 1 per cent. 

r>. Find the equation of the tangent to the parabola if 4 as 
which is parallel to the line y - m,r. 

Find the equation of tlie common tangent to the parabolas 
f - dtf.r, 2.r- mj. 

vi. The diagram shews a framework loaded and supported 
as shewn. N eglecti ng tlie weights of tlie members, and assuming 
smooth hinge joints at their extremities, determine the stresses 
tension or compression) in each member. 

I Tan f 1 cm, / Tax 
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vii. Defining Simple Harmonic Motion by an equation of 
the type?/ = « cos pt, shew that the acceleration in such a motion 
is proportional to the displacement and directed towards the 
mean position. 

A string A B consists of two portions AC, CB, of unequal 
lengths and elasticities. The composite string is stretched and 
held in a vertical position with the ends A and B secured. A 
particle is attached to C, and the steady displacement of <7 is 
found to he S. Shew that a further small vertical displacement 
of C will cause the particle to execute a Simple Harmonic 
Motion and that the length of the simple equivalent pendulum 
is S. Both portions of the string are assumed to be in tension 
throughout, and the weight of the string may be neglected. 

viii. The lock of a railway carriage door will only engage if 
the angular velocity of the closing door exceeds <*>. The door 
swings about vertical hinges and has a radius of gyration Z* 
about a vertical axis through the hinges, whilst the centre of 
gravity of the door is at distance a from the line of hinges. 
Shew that if the door be initially at rest and at right angles to 
the .side of the train, which then commences to move with 
uniform acceleration/, the door will not close unassisted unless 
f.> i orflVtf. 

ix. Shew that the depth of the Centre of Pressure of a lamina 
totally immersed in water with its plane vertical is greater than 
the depth z of the Centre of Gravity below the free surface of 
the water, by au amount which varies inveisely as c; atmo¬ 
spheric pressure is neglected. 

A circular lamina of radius 1 foot is totally immersed in 
water with a horizontal diameter fixed at a depth of 3 feet. 
Shew that if the lamina he rotated about this diameter, the 
Gentre of Pressure always lies on a fixed vertical circle of 
diameter 1 inch. 

x. The substitution — 1 converts formulae for refraction 
into the corresponding formulae for reflection. Prove this 
statement. 

A thin double convex lens (jj. = 1*5) lias surfaces of radii 4*5 
and 3 inches. Coaxial with it, and touching it, is a convex 
spherical mirror of radius 3*fi inches. Shew that the combina¬ 
tion behaves approximately like a plane mirror for rays near 
the axis of the combination. 
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Friday, 4 June. 9—12. 

1. Prove that the two tangents drawn to a central conic 
from an external point are equally inclined to the focal distances 
of that point. What does this theorem reduce to in the case 
of the parabola? 

PT p j are a p a j r q£ tangents to an ellipse and PO, P'O 
the corresponding normals. Prove that if PP' passes through 
one focus, OT passes through the other. 

2. Let N=a?(\ +«), where e is a small number, so that 2 is 

1 

an approximate value of N n . Shew that if 
(n -1)^* + {n^\)N 

‘ ( n + + (n - 1) N 9 

1 

then a\ is a nearer approximation to N n t being correct up to 
and including terms in r\ 

Taking # = 1*4, find an approximate value of V 2 . 

3. According to Van dor WaaLs, the relation between the 
pressure (/>), volume ( V\ absolute temperature ( T) t of a given 
mass of a gas is given by 

(/'+ y)(V-h)-MT, 

where a, b } and It are constants. Regarding this relation as a 
cubic equation in V, shew that the loots will be all equal, 
provided 

p-(f/27lr t T 8rt/27/iV>, 

and that the single value of V then obtained will be 36. 

For Carbon .Dioxide, taking 273// - 1*00046, a = '00874, 
b -= *0023, shew that the above value of T becomes about 305’4. 


4. Explain the method of integration by parts. 

Integrate Jo* cos a xd.v. Why does the method fail to give a 
complete result when applied to 


Sill njr 


d.v'i 


f 


5 . Integrate 



33 


1.920] MATHEMATICAL TRIPOS. PART I 
give the particular integral for which > 

y= -1, ^ — i when x-Q. 

d’if « n 

Integrate + 

vi. A string stretched over a rough plane curve is just on 
the point of slipping. Shew how to find the ratio of the tensions 
at its extremities. 

A belt-driven pulley of diameter 2 feet transmits 10 Hor>e- 
lWer when running at 240 revolutions per minute. Shew 
that if the belt is just on the point of slipping, and subtends 
an arc of ISO 0 of the pulley, the biggest tension in the belt is 
:}O0 lbs. nearly. The coefficient of friction between belt and 
pulley can be taken as 0*4. 

(1 Horse-Power = 1111,000 ft.-lbs. per minute.) 

vil. Prove that a rigid lamina moving in its own plane in 
any maimer has in general an instantaneous centre of rotation. 
What is the ease of exception ! 



B 


Three equal rods AB, B(\ CD, are hinged together and 
supported as in the figure by a fixed lunge Jut A and a fixed 
ring at H through which BC slides, while D can slide along 
A H produced. Draw a sketch to shew the instantaneous centres 
of HO and CD at any moment, and prove that, if Alt - a, as 
0 tends to 60° the instantaneous centre of CD tends to A\ where 
AX= 2 a and NX-a/*Jx. 

viii. Two rough uniform solid circular cylinders A and B of 
weights it\ and tn» respectively lie in contact with their axes 
horizontal, on a perfectly rough inclined plane. B is higher 
than A, whilst the radius of B is greater than that of A s If 
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the angle of friction for A on B be and 0 be the angle whit li 
the plane containing the cylinder axes makes with the inclined 
plane, shew that the cylinders will just roll down the inclined 
plane if _ mu<#m cos(0 + <£) 

v - ’ kt 1 sin <f> - cos (0 + </>) ’ 

The angle which the inclined plane makes with the horizon! J 
may be taken as less than 90° - 0. 

ix. The diagram shews an arrangement for measuring small 
differences of air procure. Except at its ends, the tube is of 
unifoini internal cross section a. At tlie end>s, the cross set 
tional areas are A (at A'), B (at Y ). Water occupies the tube 
from X to A, oil of specific giavityo- (-1) occupies the portion 



L to A/, whilst ihe lemaining ]>art of the tube is filled with 
water. ISliew that the effect of producing a small difference of 
pressure due to // inches of water between the air acting on 
A” and that acting on \\ i> to cause a change in the difference 
of level between L and A / amounting to 

3 "/K'i*i)* 2(, -4 

x. Prove Gauss’ Theorem that 

I hJ h JN 4*r25e, 

where the integral is taken over any closed surface S, E u is tin 
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component of the electric force along the outward normal to 
^ find 2e is the burn of the electric charges inside the surface S. 

' Hence or otherwise shew that the electric force due to a freely 
dittoed sphere is the same at all external points as if the charge 
woie°collected at the centre of the sphere. 

Friday, 4 June . 1 \—1 \. 

1. Prove that any conic can he projected into a ciicle having 
the projection of any given point for centje. 

An ellipse, whose piincipal axes are A CA' and B( r B\ is pro¬ 
jected from a point 0 in the plane through T perpendicular to 
BB\ and the vanishing line is parallel to ////' and cuts A A’ 
m X. Prove that the centie projects into a focus if 

OX: rx boat 

and that, if NB cuts the ellipse in P and L is the foot of the 
perpendicular from Port A A \ L projects into the second focus. 

2 Express sin l J and cos \A in tenns of the sides of a 
tiiangle AB( i and deduce that 

sin A _ sin B sin 6 y _ 2^/b* fs \ a)(.s - bj (s - ()] 
ft h f tthc 

How many independent relations exist connecting the angles 
of the triangles which form the faces of a tetiahedron ABC])i 
Shew Unit one of these is 

sin DBC sin DC A sin DAB - sin DOB sin DAC <inJ)JiA, 

3. Apply Taylor’s Them cm to expand log J( , (« L <r) in powers 
of r. 

A table of logaiithms to base 10 is given to 7 places of 
decimalb tor all numbers of three digits. Explain how to find 
the logarithm of a number of five digits hy simple interpolation, 
and examiue the degiee of accuracy of the result thus found. 

1. Find the length of the perpendicular from the point 
on the line joining the points (.)y \ y ), and 
deduce the area of the triangle tunned hy the points. 

Shew how to determine the circle which passes through the 
points (0,0), (0, 2a) and touches the line ,r cos a + // sin a = p t 
proving that two such circles exist unless tire Hue passes between 
the points. 


3 -2 
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5 Find the equation of a plane which passes through a given 
point and is parallel to each of two given lines 

Three points A,B t (* on a horizontal plane are chosen so 
that BA G is a right angle ami A B = A < i ~a Vertical borings 
at A , B , C strike coal at depths h u h , Assuming that the 
upper surface of the coal is a plane, piove that this plane dip*, 
at an angle 0 to the hoiizontal such that 

a tan 6 = {(h /h) + (//, h x ) }^, 

and find the line in winch tins plane meets the plane ABG 

vi \ toipfdo wlu<h d/nes itself through the water at i 
const uit speed \ r > its axis piesuvmg in all circumstances an 
mvanahle direction is hied hom 0 at an enemy slap P whose 
constant speed tlnough the water is t At tlie moment of hung 
tin direction of mitron ot the enemy ^hip makes an angle </> 
with OP I W Ik n the ship is going straight away <f> fll Piovt 
that in in nor to dlow ioj the motion of the enemy ship, tin 
axis of the toipcdo must he auued ilicad of the si up by an angle 
b where } 

sin 8 j r sm<£, 

so that 8 is independent of the lingo 01* 

Piove tint this jesult is un dinted by \ uniform tidal current 
Piove fmthei tint, at a tune t aftn filing, tlie locus of tlie 
position* rehtive to tlie giouml oi tnipedoes fned in all hon 
/outal dueclions from i ti\< d point, is a cucle whose radius is 
independent of the lidil c uncut, and find the lentie of this 
cm le 

mi A smooth perfectly elastn spluie of ludms a is at ust 
on a horizontal tihh and a suond equal spheie is prelected 
with velocity J r , rn a given dim tion, so that tlie line of centres 
at contut makes ui angle <l> with the given directum 
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T!»e component velocities of the spheres in the given direction 
are l r j and H 3 after the collision. Prove that if a large number 
of nucIi collisions take place for all values of <j> between ± W y 
,m(l all values of <t> are regarded as equally probable, then the 
average value of V l or of V, will be l V\ but if all values of 
iJio displacement d between ±2 a are regarded as equally 
piobablo, then the average value of V x is j V y and of \\is \ V. 

viii. A running watch is placed on a smooth horizontal sur 
face so that it may be regarded as free to rotate about its own 
(entre of gravity. It is composed essentially of a balance wheel 
of moment of inertia /, and a body of moment of inertia J con¬ 
nected by a hair spring. The inertia of the Imir spiing and 
other parts of the mechanism may be ignored. Determine the 
angular motion, and shew that in geneial in addition to its 
oscillations, the body of the watch rotates steadily with a small 
uniform spin. 

If 1 - 11<> gin. (cm ) 2 , / - ()•<)/> gm (cm./, shew that the watch 
uains neaily 20 seconds a day in this position, if its rate is 
wjiioct when the body is iigidly held. 

i\. Define a line of force, and sketch the lines of force of the 
*}steiu of charges e at (2(/, 0,0) and - ]< at (\*r, 0, 0). 

Piovc that the sphere / -a is the equipotential V 0. 

Piove that, if the spheie i — a i,s a conductor at zeio potential, 

the surface density at (a, 0, 0) is - ~ ,, and the mechanical 

47TU“ 

9 c 2 

stress on the conductor ^ ^ dynes per (cm.J. 

x Prove that if no current Hows through (lie galvanometer 
G of a Wheatstone’s bridge (see Figure), then 

Jt* //, 

” ns 

nid that Hie battery and galvanometer cin nits may be inter- 
•hanged, without ailecting this result. 

//1 and Jt ly ll K and /? 4 are pairs of neaily equal resistances. 
N T o current flows through G when large resistances A\ and JF a 
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are inserted between 7? and B, V in parallel with /?, and A* 
When 7/, and 7? 4 are interchanged the necessary large resis¬ 
tances are Y, and Y,. Prove that approximately 


7A = 7u + l#r ( ^ 


i 

Yi 




B 



Shew how this equation uu) he used to determine R j A* 
with threat aeeutac}, when all the resistances arc original 1\ 
known with mors not exceeding 0*1 per rent. 


Natprpu, 5 June . 0—12. 

1. The base of s haystack is a untangle of length a and 
breadth b {a " h), and the vertical sides are of height h. It is 
thatched with four plane faces sloping at equal angles a to the 
horizontal. Kind the length ot the ridge at the top of the stack, 
and prove that the volume is equal to 

abh + } J/ (a — \b) tan a. 

2. Express the radius of curvature of the curve y =/(>) in 
terms of dy f djc and d\ij d.v. 

A graph is drawn to shew the relation between space and 
time in leetihnear motion, oue inch representing a feet of space 
and b seconds of time. Expiess the velocity aud acceleration in 
terms of the slope of the graph to the time line aud the radiu^ 
of curvature. 

If the motion is that of a shot fired vertically upwards al 
1G00 ft./sec., find a and b so that the initial slope of the grapl 
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i 


may be tan ' 1 2 and the radium of curvature at the point corre¬ 
sponding to greatest height may be 5 niches. 

3 Find the equation of the normal at any point P of the 
curve 

Prove that the area of the triangle formed by the normal and 
the axes is equal to the square on the perpendicular from P to 
om* of the bisectors of the angle between the axes. 

1 . Prove that the middle points of parallel chords of an 
ellipse are colliuear, and find the relation between the eccentric 
angles of the extremities of conjugate diameters. 

Prove th.it, if OP' is conjugate to VP and CQ' to CQ, then 
P’Q' is either parallel to PQ or to the diameter which bisects 

t% 


,i. Find the equation of the tangent plane at any point of 
the ellipsoid 

or la 1 + tf/b* + - 1 . 

Normals are drawn to the ellipsoid 
nuking a constant angle a with the plane 
of tt/. Prove that they cut this plane on 
the ellipse 


a 2 + r fcaiP a , /r-i V tan 
P + 


y-L 


{rr c-)~ (lr-<~y 

vi. State the principle of \ irtual work 
for a fqstem of forces in equilibrium. 

The diagram shews a simple engine 
mechanism. The points is pushed down- 
waids by a constant vertical force IP, 
and is free to move smoothly in the 
vertical line CD passing through (). The 
uank OB which rotates about 0 is pro¬ 
longed to 2 ?, where a weight w is attached. 
Neglecting the weights of the links A 
A 'B, shew that the positions of equi¬ 
librium are given by 

0-o, e= 7T, o~±e l9 e 



7T±01, I 

e = /Flaw - Wry- \VV\ 

1 V raw (aw -2Wr) * 

Here AB-I, OB ~r, OE- a, and 0 is the angle A OB, 


where 


sin 
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a ii Two smooth uni for it) spheres of unequal mask imping 
directly Shew that there is a mt loss of kinelic energy oqiiul 
to (1 - e 2 ) times the onginal kinetic eneigy of the two sphere^ 
relative to tlieir ceutre of gravity, where e is the coefficient ui 
restitution 

A spherical paiticle is let fall veitaally under giavity and 
after describing a distance h impinges at a point A on a smooth 
plane inclined at an angle a to the honzontal Shew that th 
particle ceases to rebound from the plane when it reaches i 
point B such that 

A B \h Mil a (1 -{) 

via A tiam of in iss UK) tons is onginall} at rest on a level 
track it is acted on }>v a hoii/onta) foice F which uniform!) 
increises with the tunc, in such a way that F 0 when t 0 
F r > when t 1 ) /’’being nu aMired in tons weight, t m seconds 
When m motion tin ti mi ma) be assumed to be acted on h> 
a frictionil force of 3 tons, independent of the speed of tlu 
tiam Piud the instant of stilting and shew that at/ 1 \ 
the speed oi the ti an is o (,4 tt pci second, whilst the Horse 
Powei lequned at fins instant is about H 

(N B J Hoise Power = 13000 foot pounds pei minute, 
q - )2 feel pti second per seeond ) 

ia A gas enclosed m a containing \esse 1 is allowed to expand 
fiom the volume Y l to the \uhum V Shew that the woik 

done by the gas on the containing walls is j pel V 

A cubic foot of in at 100 lbs pei sq m pressure expands 
down to atmosphciK pressure (117 lbs per sq m ), following 
Boyles liw Shew that the woikdone is27600ft lbs approxi 
m itel) 

x Shew how to find the minimum dcuation foi abeam of 
light passing thumgh a piisui m a piumpal plane 

The ehagiam shews a suic^ of equal thin glass pusms of 
refmctne index ^ mounted sunmetneal]) round a cylinder of 
ladius 11 , with their ed^ ]>aiallel to the axisoi the cylinder, 
and ])ing on the circle !\P i\ etc , of ladius (/? + It) Shew 
that if the pusms extend complete^ round the cylinder without 
gaps between adjacent base edges and if feather, k = i?(/x- J), 
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then any small object /placed on one of the points P l9 P 1} /^, . 
tan be seen by an eye E placed near one of tbe other points P. 



Satukda^ , 5 11— 


1 A A' is the straight edge of a hoii/zuital plane A A ' A r , 
and 0, O' are points a distance // below A and A' It P is any 
point in space, a distance II-h above AA'N, and OP, (IP 
( nt A A A r in points of coordinates t , //, a ,// referred to A, A' 
as oiigms and A A 9 ns ./-axis, pio\etliat 


v y> // 


hH 


a -a 


^licie A A' B If the plane is cut in two and the whole s\stem 
<it A 1 loweied a distance J) below A, piove that 




J/ !L 

II V])' 


//- 


hB* /D 

or ~ i 


2. A sequence of terms ... is such that any 

(inee consecutive temis aie lonncctcd by the relation 

6#»u - f»w M + u H 

hiven that Wo”L Wi — 1 C, fiud an expression for u tn and 
lence deduce that the series tt Q + n x e f u n +- converges to 
die sum unity. 

3. >Shew tliat the number of permutations of ?? things taken 
ill at a time, when p of the things arc all alike of one kind, q 
ill alike of a second kind, r all alike of a third kind, etc , is 

n*/pUpr\ . 

AT points are taken in space, so that not more than tlnee 
Joints lie in any plane, and not more than two in any straight 
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line. Shew that these points define J\ r (N — l)/2 straight 
and (N - 1) !/2 polygons of A r sides. 

4. Establish Simpson’s Rule that if 

y~y far) = a 0 + a x x + a*r + a 

then f ydx-l\y(0 )+^(I) + 4y(4)}. 

Jo 

Provo that if y (x) also contains a term the error in Mill 
using ftSinijwmVs Rule is 1 ] cr a 4 . 

5. Assuming that two solutions i/ l fa') } y> (.r) of the equation 

^ + Qg - 0 have been found such that jh ^ -= 1, Vcrif\ 

that a particular integial of 

3 ♦«"'/« 

i>s given by the formula 

'/ - fi oo f‘ y, «)/(© «- ,y. o) fa, aim dt 

Verify that J“ and ,r~* are solutions of the equation 
fl'V/ 6 

\r !/ ’ 

and hence or otherwise obtain a particular integral of 
<i 2 y fi , 
dU* ~ .r ^ r ,r ' 


vi. The diagram shews a beam AB hinged at A and 
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supported at B. Find graphically or otherwise the reactions 
f t \ and // 2 , due to the given system of loads, and the direction 
of R x . Shew the Bending Moment diagram, and state the 
value of the Bending Moment at F. 

vii. A particle of mass m moves under the action of a central 
force km r, where r is the distance of the particle from the 
centre of force 0. Shew that the particle describes a conic, and 
liml the condition that this may he a hyperbola, in terms of 
the circumstances of projection. 

If the effect of the central force is small, so as only to disturb 
slightly the motion ot the particle as it approaches () from an 
infinite distance away, shew that the total small change a in 
direction produced by 0 is given by a - 2k; V 2 l). Here V is 
1 he velocity of the particle at infinity, and I) is the perpendicular 
distance of 0 from the asymptotes. 

viii. The accompanying diagrams shew an arrangement that 
has been used to measure small and extremely rapid angular 




movements of a shaft A, On the shaft is mounted a thin lens 
L (whose back is silvered) which serves to produce an approxi¬ 
mate image of a source of light 8 at F on a photographic plate. 
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Show that corresponding to a small angular movement 0 ot llm 
shaft, wc get a deflection 8 on the plate given by 
8 = 0 { 2 «? cos <f> + r (1 + v/it)}. 

Here OL — »•, L8~u, LF^-v. 

ix. Explain the principle of a simple tangent galvanometer. 

If 0 U 0 2 , 0 ., are the observed deflections when ( 1 ) one Grove 

cell. ( 2 ) two such cells in scries, (H) two such cells in parallel, 
are in the galvanometer circuit, prove that 

2 tan 0 l (tan &> 4- tan 0 t ) =■ 8 tan 0.> tan 0 :t . 

Shew that if the resistance It of the galvanometer is known, 
the resistance of a Grove cell can he determined without i< 
knowledge of the galvanometer constant, but that this constant 
must also he known in order to determine the electromotive 
force of the cell. 

x. Explain the function of a guard ring for a cylindrical oi 
]>arallel-plate condenser. 

A condenser is formed of three concentric cylinders of which 
the inner and outer arc connected together. Obtain a formula 
for the capacity, neglecting end effects, and shew that if the 
middle plate is 10 ems. long and the radii of the cylinders arc 
4*0, 4*1 cms. the capacity is equal approximately to that 
of a sphere of 1 metres radius. 

1921 

TnrnsDAY, 2 J(uh>. 12. 

A 1 . From the eircumcentre B of a triangle ABO perpen¬ 
diculars BlJ, SF, SF are drawn to the sides B(\ CA , AB 
respectively, and produced to A\ O' so that 1), F, F arc 
the mid-points of SA\ SB\ BO'\ prove that the triangle 
A'B O' is equal in all respects to the triangle ABC, and can 
be derived from it by rotation through two right angles about 
the common mid-points of A A', BB\ C0‘. 

A 2 . Define the inverse of a point and of a curve with re¬ 
spect to a circle $; and prove that, if /S ,# is any circle cutting & 
orthogonally, /S' is its own inverse with respect to S. 

Prove that, if a point is inverted any number of times witli 
respect to two circles, all the points so obtained lie on a circle. 



1921] MATHEMATICAL TRIPOS. PART I 45 

\ 3. Prove that the centroid of the four points in which a 
circle meets a parabola lies on the axis of the parabola, and 
that conversely, if the centroid of four points on a parabola 
lies on the axis, the four points lie on a circle. 

Hence or otherwise prove that, if the axes of two parabolas, 
uliich meet in four real points, are perpendicular, the four 
pints lie on a circle, and that the distance of the centre of 
the circle from the axis of either parabola is half the latus 
rectum of the other. 

A I. Define the polar of a point with respect to a conic, 
;nul prove that if lies on the polar of if, then Ji lies on the 
polar of A. 

The polars of a variable point w ith respect to two given 
rectangular hyperbolas are at right angles; prove that the 
locus of the point is in general a circle through the centres of 
flic two hyperbolas, but that, in the special case when the 
K'tifmptofa'i of one hyperbola are parallel to the a,rex of the 
other, the locus is a straight line. 

A 5. Explain briefly the method of mathematical induction, 
and give an illustration of its use. 

Prove by induction that the sum of n term* of the series 

f (.c-2).r4 Or- t),c(.c — lyal+f./*- G).r(.r- l)(.f — 2)/3 ! + ... 
is .r (,r - 1 ) ... (jr- wflj(w-l)!. 

A t>. Prove that, if a is an approximation to a root of an 
equation / Or)- 0 , then <t- /(<()'/'(*/) w in general a closer 
approximation. 

By applying this formula twice, or otherwise, find to three 
places of decimals the root near 2 of 

„ t *- 12.C+7- 0. 

A 7. (live a systematic 1 account of the best way of obtaining 
the numerical values of the unknown elements in any soluble 
triangle, including the ambiguous case. Quote the formulae 
you require, explaining why you prefer them to others. 

B 8 . Define a differential coefficient, and differentiate ah 
initio sin- jc and J.r. 

Differentiate e bin ( ,r >s *\ 
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B 9 A chord is drawn joining the points x-a t a + k on 
e curve v f (x) If A is the difference of the ordinates of 
c cuive and the choid, prove that A m , the numerically 
eatest value of A in the interval, must occur at a point 
a f- where £, w satisfies the equation 

t {a + f w ) - ^ {J (a + //)-J (/i)| 0 

Deduce that 

- i f" {/ (« f £)-J On fm)( 

7 0 

here the lower limit, 0, may he alternative!) h, and hence 
>tain 

A, < \h (gieatesf value of/'(/) in the inteival) 

It is desiied to constiuct a table of t* m vvlncli interpolation 
y piopoitmnal parts sh ill be «k (mate to 0 00005 foi 0 < r < 4 
rove that a table of entries foi values of ? varying by 0 01 
ay be inadequate, but that a table of entries varying by 
00J is adequate for the purpose 
E JO Sketch the cuive 

tt i 

y 

"ten mining in paitu ulai the asymptotes and points of inflexion 
f any) Evaluate the radius ot cuiv it me at the ongin 

TniKsim, a Jtntt l 1 r 

A J The diagiam shews a plane fiamcwmk supported at 
and /i, m which the links aie connected togetliei b) smooth 



A 
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hinges. The reactions at A and B are perpendicular to the 
horizontal line AB. For the given vertical loads, draw the 
stress diagram, and give the approximate values of the stresses 
in the different links, stating which are tensional and which 
compressive stresses. 

Check your result for the link 1)E by taking moments about 
(7 for the portion of the framework which lies to the right (or 
left) of the vertical plane through C at right angles to JJJ£. 


A 2. A pair of compasses is used to describe circles on a 
horizontal piece of paper, and lias the logs (of equal length L) 
always in a vertical plane. The handle at the joint is always 
vertical. If <t> be the angle of friction between the compass 
pencil and the paper, 2a the angle between the legs, and W 
the vertical pressure on the handle, shew that a horizontal 
couple WL sin a tan </> must be applied to the handle in 
drawing a circle, the joint being supposed to he clamped. 


When the joint is clamped, the angle 2a at the joint is 
capable of being increased elastically by a small amount l‘G 
when a bending moment V is applied to the joint in the plane 
of the legs. When a circle is about to be drawn as above, it is 
found that this increase in 2a takes place as the weight IF is 
applied, provided a * <j>. If a - </>, the increase takes place 
just after the start. Shew that, as a result, the radius of the 


circle drawn in the latter case is increased by 


l It 7 D 
4 


sin 2a, 


and explain these phenomena by the law r s of friction. 


A 3. Explain the terms: stable, unstable, and neutral 
(quilibrium. 

A cylinder of radius a whose axis OO f is always horizontal, 
can roll dowm a perfectly rough plane inclined at an angle u 
to the horizontal. The cylinder is eccentrically loaded, so that 
its centre of gravity G is distant r from 00 Shew that if 
r^a sin a, equilibrium is possible for two positions of G rela¬ 
tive to 00', and that in each case the angle which the plane 

00'G makes with the vertical is sin’ 1 

Shew also that only one of these positions gives stable 
equilibrium, and indicate it. 
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A 4 . Explain the principles of the Conservation of Linear 
Momentum and Energy. 

A shell ot mass 1120 lbs., and velocity 1350 f.s., is fired 
into h railway truck (containing sand) of mass 20 tons, the 
diiec'tion of motion being parallel to the rails. If the shell 
fails to penetrate the sand, find the velocity given to the truck 
and account for the conservation of energy in the phenomenon, 
specifying how much remains kinetic. How far will the truck 
run against a constant retarding foice of 30 lbs. weight per 
ton ? 

A 5. A train of weight TI r lbs. moving at V feet per sec. 
011 the level is pulled with a force of F lbs against a train 
resistance of /Mbs. Shew that in accelerating from I", to V x 
ft per sec , the distance m feet described by the train is 

irr J ‘ VdV 

<j ) i, F- It 

If rr 300 7bn<. B 2100 * 1 -15 l\ shew that the distance 
described in slowing down on the level from 45 to 30 miles 
per hour, with the power shut oil, is about 537 feet 

(log t 10 2’303, (j 32 2 It. per sec. per sec ). 

B (J Piove that the prossme at a point in a fluid is the 
same in all directions 

Enid the surfaces of equal pre^suie in the liquid partly 
filling a hollow cylinder of internal i.idius r, the whole rotating 
with angular velocity w as a rigid body about the axis of the 
cylinder which is \crtical. 

B 7. State and prove the conditions of equilibrium of a 
solid floating freely in a liquid 

A hemisphere, radium a , is entirely submerged in liquid of 
density p so that its diametral plane makes an angle 0 with 
the horizontal and has its centic at a depth //. Prove that the 
resultant force on the ( urved surface is 

mrpq j \ a 2 + Ir ± \ ah cos 0\ i . 

B 8 Prove Gauss’ theorem that the integral of normal 
electric force over any closed surface is equal to 4 tt times the 
charge enclosed. 
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On a certain day the vertical electric force in the atmosphere 
at the earths suiface was 100 volts per metre and at a height 
d t 3 kilometres it was 23 volts per metre Prove that the 
total chaise in the atmosphere pei square kilometre of the 
earth’s suiiace up to this height was 1 99 * 10 8 electrostatic 
units, and that the effect of this (harge is to increise the 
biiometnc pressure by about 4 x 10 7 dynes per sq cm, 
assuming the charge uniformly distributed 

[300 volts 1 electrostatic unit of potential ] 

B9 The deflection of a gold led electroscope A over a 
ceitain lange is piopoitumal to the charge on it and the change 
in capacity due to movements of the leaf may be neglected 
It is connected to the lima spliue B of a distant spherical 
an condenser of lacln 3 and 6 ems by a wire which passes 
tlnough an insulated hole thiough the outer sphere which is 
catthed The deflection of the electioscopc is 5 divisions The 
outu spheie is then taken in half and iemoved,aucl the deflection 
of the electroscope is 12 division^ Find tlie c tpacity of the 
dectio^oope 



B 10 A galvanometer has a icsistance of 1 ohm and each 
graduation leprcsents 1 milliampeie Find the lesistance with 
winch it mu^t be shunted to make it read ampeies on the 
same scale It is required to use the same instiumeut as a 
voltmeter Find the least resistance winch must be connected 
in senes with it, to make its readings accurate within 1 °/ if 
the resistance of the batteries whose voltage it is required to 
measure never exceeds 2 ohms but is otherwise unknown. On 
what scale will it then lead volts l 


M T. 


4 
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Friday, 3 June . 9—12. 


Al. A uniform rope A OB (see diagram) rotates steadily 
with angular velocity <o about AB. If axes are taken in the 
plane of the rope as shewn, with the oiigin 0 at the middle 
point of the tope, shew that 


T (t 1 
cost/' ’ B 


pur 

T. 


(ft - y) cos 2 ^ 


gravity being neglected. 




Hero T u is the tension at (), T is the tension at the point 
(./,?/) wheie the tangent makes an angle if/ with tti, h is the 
deflection at 0, p is the mass per unit length, and // is the 
radius of curvature at (j , //) 

Siiew also that if the lope is neaily taut, so that (fjQ can 
he neglected, the shape of the rope is given by 

t A 2 AOB is a light angled triangular lamina with the 
sides 0-1, OB coinciding lespectivelv with peipendicuhir axes 
Ojc , Oif The lopotenuse .1 B is of unit length, and the angle 
GAB is 0. 

Forces act on the sides OA , OB as follows: On OA there 
are a uniform nonnal picssure of intensity/, (in the direction 
Oy\ and a tangential pull of intensity t\ in the direction Ox, 
both intensities are estimated per unit length of OA . {Similarly 
on OB , there are a uniform nonnal pressure of intensity/, (in 
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the direction 0.v\ and a tangential pull of intensity j\ in the 
direction Oy\ both intensities are estimated per unit length 
of OIL 

Shew that these forces are equivalent to a single lorce acting 
at C the middle point of A B> and that this single force has 
components P and Q respectively in the direction of BA and 
perpendicular thereto (away from O), given by 

P = sin 2 6 +/, cos 20, 

A 

Q - f t sin 2 0 +f x sin* 0 +f u cos 2 0. 

B 3. State Newton’s laws for the impact of two smooth 
spheres, explaining the nature of the evidence on which they 
are based. 

Two equal marbles, A and B , lie on a smooth horizontal 
circular groove at opposite cuds of a diameter. A i^ projected 
along the groove and at the end of time t impinges on B; 
shew that the second impact will occur after a further time 
2/,e, where e is the coefficient of restitution. 

B *1. An aeroplane has a speed of r m.p h., and a range of 
action (out and home) of R miles in calm weather. Pio\e that 
in a north wind of iv m.p.h. its range of action is 
B (r- >r') 

in a direction whose true bearing is <£. If R- 200 miles, 
r -- SO m.p.h. and ?c-30 m.p.h., iind (lie direction in wliich 
its range is a maximum, and the value of the maximum range. 

B 5. Prove that, when a particle is moving with velocity v 
along a plane curve whose radius of curvature at the position 
of the particle is p, the particle experiences an acceleration 
r/p along the normal to the curve. 

Prove that, in order to allow properly for a curve on a rail¬ 
way line of radius 1320 feet tor a train moving at 4.) m.p.h., 
the outer rail must be raised above the inner rail by ;V8 inches. 
[The rails arc 4 ft. Hi in. apart.] 

B 6. A pail containing water is allowed to fall freely from 
rest under the action of gravity. Prove that the pressure at 
any point in the water is equal to the atmospheric pressure on 
the surface of the water. 


4—2 
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Describe the effect on a frog swimming (a) horizontally, 
( b) vertically, in the bucket. 

A 7. A particle P of unit mass is acted on by a central 
force fjir directed towards a fixed centre 0, where r is the dis¬ 
tance OP. Shew that the path of P is in general an ellipse. 

Shew also that the acceleration at any instant along the 
normal to the path is inversely proportional to the velocity o 

of the particle, and is given by aby? t) where a and b are the 
lengths of the semi-major and semi-minor axes. 

A 8. For a system of bodies moving in one plane, define 
iHOMMtt of momentum about an a\is perpendicular to the plane, 
and shew that if the axis is fixed and the only forces acting 
on the system from without pas-> through the axis, the moment 
of momentum is constant. 

A man of mass m stands at^l ou a horizontal lamina which 
can rotate freely about a fixed vertical axis 0. Originally both 
man and lamina are at rest. The man proceeds to walk on the 
lamina, ultimately describes (relative to the lamina) a closed 
circle having OA (-<tj as dhnnet('r y and returns to the point 
of starting on the lamina. Shew that the lamina has moved 
through an angle relative to the grouud given by 

ir 11 l,(i + ma*)\, 

where / is the moment of inertia of the lamina about the axis. 

B 9. State the law of reflection of light, aud establish the 
form of the image of any solid object formed by a plane mirror. 

Three plane mirrors, mutually at right angles, are connected 
rigidly together. Prove that anj raj of light incident on the 
mirrors will be finally i effected back parallel to its original 
direction. 


I B 10. Define the unit points of a Mngle thick lens. 

Shew how to use the principal foci and unit points to con¬ 
struct geometrically the image of any given small object near 
its axis formed by a thick convergent lens. 

Prove that if the lens is a complete sphere the unit points 
coincide at the centre. 
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A I. Prove that tlie reciprocal of a circle, with respect to 
another circle of centre xV, is a conic with ft as a focus. 

Two conics have a common focus $ and two real common 
tangents; from a variable point P on one of the common 
tangents two other tangents PX, PY are drawn to meet the 
second common tangent in JTand Y : prove that X& Fis equal 
to one or other of two constant supplementary angles. 

A 2 Prove that, if a straight line is perpendicular at 0 to 
each of two intersecting straight lines OA , OP, it is perpen- 
dicuJar to the plane A OJi. 

A tetrahedron is such that each edge is perpendicular to 
the edge which it does not meet, prove that the perpendicular 
from any vertex on the opposite face passes through the ortho¬ 
centre of that face, and that the four perpendiculars meet in 
a point. 

A 3. Establish a formula for the length of the perpendicular 
from a point (.**', //; to a straight line a.r f by 4 c 0, the axes 
being rectangular, deduce the equations of the bisectors of the 
angles between two given straight lines. 

Find the coordinates of the centre of the circle inscribed in 
the triangle formed by the straight lines 

3.r + 4// — 1 — 0, 12.?’ + .)// - 8 - 0, t.r - 3// I 2=0; 
find also (without solving) the equations determining the 
centies of the escribed circles. 

A 4. Prove that the locus of the foot of the perpendicular 
from a focus of an ellipse on any tangent is a circle on the 
major axis as diameter. 

(iiven a focus of a conic, two tangents, and a point on the 
auxiliary circle, give a geometrical construction lor the other 
focus. Shew also how to construct any number of points on the 
conic. 

$ A 5. Find the equation of the chord joining two points on 
the ellipse ,r 2 /o‘+// J fr- 1, whose eccentric angles are a, /? 7 and 
deduce the equation of the tangent at a point. 

The tangent at one end P of a diameter PF of an ellipse 
and any chord P (} through the other end meet in ft, prove 
that the tangent at if bisects Pit. 
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A G. Prove that the number of combinations of n things r 
together is n ’/{* 1 (n -f) 

A pack of cards is dealt (m the usual way) to four players 
One player has just 5 cards of a particular suit; prove that 
the cbanct that his partner has the remaining 8 cards of that 
suit is 1 (4 17 19 37) 

A 7 If the coefficients of the series 

?/ 0 +//jH n + 

are connei ted by the rel it ion 

+ + 0 , 

where a and h aic independent of n , find f<„ and the sum of n 
teims of the senes, « and tij being given 
Assuming tint tlio senes 

l + hi 4 11# 4 + 

is of this form, find the coefficient of i\ and the sum (to so) 
of the senes, ) being small 

A 8 B} means of the c\pansions of e r and log* (l 4 - j ) prove 
that, when n is Luge, 

(1 + 1 /»)" ( (1 - 1 2n 4 11 2 \n 7 16* 1 4 - ) 

Shew that < is given bj the foitnul i 
* (U/ l (9) 1 , 

with an error of about 0 4(> 


B 9 (ji) If a ho positive, shew th it 
ih 


i' 


i J 1 — 2 *iZ + a 


2 if a<l, 


2 

and has the value “ if a >1 


(b) Shew that if n be gieater than unit}, 


and dedme that 


sm” uh - " -I si off, 
o n i o 


i 


sm\/ di 


3 “>7T 
2">0 



5 r » 
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B 10 Shew that the solution of the different! il equation 
d if . 4 

Jy 

whu h is such that both ?/ - 0 and = 0 when t - 0, is 

i/ A (sin pt - \p &m 2t)/(i -p°) 

Shew also that xs p is made to approac h indefinitely near to 
2, tins solution tends to 

y A (sin It - M cos 2£)/S 


S\T 1111 )VY, 4 Jam 9 -12 


A 1 Wide down series foi sm0, <os0 in ascending poweis 
of 0 

If 0 is small expand tin 0 and sec 0 - 1 in powers of 0 as far 
a^ 0 4 

Is i sinnlu expansion possible foi cot 0 l 


A 2 Piove that 


Ycos^-O, 

J 1 n 


' ' 'Ipir 

5 sin 
?-i n 

if n is an integer> 1 

Extend the result to shew tint 

V l n 

^ Mil a + 9 — ) 0. 

/X \ « / 

wheie i is an} positive mtegu not \ multiple of ?? 


A -1 If , «w lf iiy I m it m it are the dnection 
cOMius of thiee mutually perpcndiculu lines, piove that 
l\ ± (m v ~ wji ), /j mi ±1, 

| h M I 

/ m 7t 1 1 

explaining the ambiguous signs 

Shew that m a given ellipsoid the pi ejection of any dianietei 
on a given axis is proportional to the projection on the corre 
spondmg principal plant, of the parallelogram the diagonals of 
which are any two diameters foi tiling a self-conjugate S}stem 
with the fn&t 



56 MATHEMATICAL TRIPOS. PART I [1921 


A 4. Shew that the planes or + £ 2 ^ - ^ 2 ) = 0 cut 

the ellipsoid 

in real circles, lying on the sphere .r 2 4 j/ 2 + = b 2 . 

Find the condition that the planes cut at right angles. 


A 5. Find the angle between two stiaiglit lines who.se direc¬ 
tion cosines are /, m ) n , I\ m\ v\ 

The planer OAB, OAC are inclined at an angle of 60°. The 
angle A 0/J-30° and A OG- 45°. Find to the nearest degree 
the angle BQ(\ 


EG. Evaluate• 


n 1^+/ , / r + .r + i , 

J 1 * Jhina 9 J (o +1 ) 2 (o + 2) 

B 7. A curve pT*-r, where w and 0 are constants, is 
limited by the points (/>„, F 0 ) and Oj. F,). Shew that J Ft/;> 
between these limits is numerically // times }j>dY between the 
same limits. Give the values of these two integrals, examining 
in particular the case when n - 1. 

B 8. The curve or- j (y) joining two fixed points is rotated 
round the axis of //. Find ail expression tor the volume of 
revolution 

The curve y - h l '~ is rotated round Oy. Shew that the 

J* 

volume of revolution is Jv/lt. 


Bi). («) Solve ? - ;/ 

dor or 

(/') Express ^ in terms of ami ^; hence 

obtain that solution of the equation 
d'r 1 dr ^ 
dr + ,idr~ h ' 

where K is constant, which is zero when /• a , and is finite 
when r- 0. 
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A 10. Prove that electrical phenomena inside a closed 
earthed conductor are not affected by charges outside. Does it 
make any difference if the conductor is not earthed i 

An earthed conductor O encloses two other conductors A 
and B. A has a given positive charge and B is connected to 
the positive pole of a battery, the other pole of which is earthed. 
Sketch the lines of force, distinguishing between the different 
possible cases. 

All. State Ohm’s Law. Deduce from it an expression for 
the heat produced by a current. 

OA, PB .are mains used for charging a battery of cells. 
The difference of potential between 0 and P is 25 volts and 
the resistances of CM, PB are l ohm each; 10 cells are being 
charged in series and the K.M.F. of each (opposing the current) 
is 2 volts, the internal resistance being 0*2 ohm each. Find 
the proportion of energy wasted in heat, and shew that it is 
independent of the resistances. 

O_ A 


P B 


Saturday, 4 Jane, li — 

A 1. The top P of a mountain is observed from two points 
A and B at sea level. If AT is the point at sea level vertically 

below P and NAB - a, NBA NAP - 0 and NBP = </>, 
prove that 

cot </> sin P — cot 0 sin a. 

If the angles a, /?, 0 are observed and found to be 60° O', 
45° 0' and £T 54' respectively and AB is 7000 metres, find the 
height of the mountain. If were also observed and found to 
be 7° 24' how would you use this fact' 
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A 2. Prove that all the real values of 0 between 0 and ^ 
which satisfy the equation 

tan (cot 0) - cot (tan 6) 
arc 

where each inverse sine may he either acute or obtuse. Find 
to the nearest 1' the value of the greatest of these roots less 
than Jtt. 

A 3. State generally the rule by which the limiting value 
of/0 t)/4>(j:) can be evaluated when r tends to a point a at 
which/(ff)* 0 and $(<() - 0. 

Prove that the limiting values, when .r tends to 0, for 

,r~ sin .r 1-J.r 2 - ens.r 
’ “ s' 

are J and - respectively. Verify that these results still hold 
when x = hj t and y is real. 

A 4. The parcel post regulations restrict parcels to be such 
that the length plus girth must not exceed 6 feet, and the 
length must not exceed feet. 

Determine the parcel of greatest volume that can be sent by 
post, assuming that the form of the parcel is 

(a) a right circular cylinder, 

(b) a rectangular box. 

llow would these results be affected if the greatest length 
permitted were only 1J feet? 


A 5. Find the equations of the shortest distance between 
two non-intersecting straight lines. 

A straight line is drawn through «, /?, y perpendicular to 
each of the two straight lines 

X-a y-f}_z-y 

l , 7 «, ~ . 


and 

4 , 


x-a y — p 

h m 2 



(ii). 


... being actual direction cosines. Shew that the 
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volume of the tetrahedron formed by a, /?, y and the points 
where the three lines cut the plane x = 0 is 

a 3 sin' 2 0 

6/l4 (W?l/ln— ’ 

where 0 is the angle between the lines (i) and (ii). 

A G. Find the necessary and sufficient conditions that a 
sphere can be drawn to pass through the circles: 

x - 0, ir 4 z 2 4- 2/7J/ + r i - 0, 

7/ - 0, s 2 + .V s + 24- 2/ 2 .r + c* 0, 

z 0, .r* + 7 / 3 f 2/i.r + 2^7/ + r : = 0. 

If they are satisfied, find the equation of the projection on 
the plane x = 0 of the intersection of the sphere with the piano 
l.v + my + nz - /k 

B 7. A mass M is suspended at the lower end of a vertical 
elastic wire of mass m and length L , suspended at its upper 
end. The system is caused to execute small vortical oscillations. 
Assuming that the wire can be traatod as uniformly st re tolled 
throughout the motion, shew that the kinetic energy of the 

system is (J7 + ■£>«), where x is the displacement of the mass 

Ji 

M from its equilibrium position. Hence shew that the time of 
a complete, oscillation is 27 rJkL(M +■ where /■ is such 
that unit force produces an extension of k units in unit length 
of the wire. 

B 8. The n])paratus in the figure contains mercury and air 
at. reduced pressure. It is connected at A to a large reservoir 
of air at a small pressure equal to that of a height p of mercury, 
r is the volume of the bulb from f) to E and v is the volume 
per unit height of the tube CE. It is given that h x 4 * > / J , 

where is the height of the mercury barometer, but h 2 4- < P. 

The reservoir // is now raised. Prove that the mercury will 
overflow at E before it flows over into A if 

p< yh-i (//, + /<.,-! hi - C), 

'C 2 • • 

where ^ and -p are neglected. It is assumed that there is 
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enough mercury in B to fill the apparatus. The change in 
level in C can be neglected. 



B 9. Four identical convergent thin lenses of focal length/ 
are mounted coaxally in a tube at distances 3/ 4/4/apart. 
The system is used to form an image of distant objects, with 
the closest pair of lenses towards the objects. Shew that the 
system will form an erect real image of distant objects on a 
ground glass screen, at a distance Hi/behind the front lens. 

If the radius of the lenses and the tube is r and the total 
length of the tube is Hi/ those distant objects are represented 
on the screen which lie in a cone of a coitain small semi-vertical 
angle a. 

Shew either (i) that a _ 3r/7/ or ('alternatively), (ii) hv 
tracing the paths of certain rays through the system, that 

r/.V-«' > 2/ 

Compare the size of the field of view with that which can 
he obtained through the same tube without optical fittings 
and without moving the eu‘ 
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B 10. Two tinu plano-convex glass lenses 
(/m - 1*5, r - 4 inches) 

are set together to form a compound lens with their convex 
sides in contact. Prove that the focal length of the combina¬ 
tion is 4 inches. 

If the space between the lenses is filled with water, the focal 
length is increased to 12 inches. Pro\e that the refractive 
index of the water is 4/3. 


1922 


Thurso u, 1 Jam !)— 12. 

A 1. In a triangle -1 BC , D , F and A 7 aie the middle points 
of the sides B(\ f'J, AB iespecti\ely, and F, Z are the feet 
of the perpendiculars from B y C on to the opposite sides. YZ 
meets FI), DU respectively in M, N. 

Prove that the eiivumcircles of the triangles FYN, FZM 
have FF as a common tangent and AD as their radical axis. 

A 2. Prove that, if any variable straight line is draw n through 
a fixed point P to meet a conic in A and //, and it Q is the 
haimonic conjugate of P with lespect to A and B, the locus 
of (I is a straight line (the polar of P). 

Two conjugate points C, D are taken on the polar of P, 
and any straight line is drawn through P meeting the conic iu 

and B. Shew that the points of intersection of the lines 
A(\ Bl) and of A I), BC lie on the conic mid that the straight 
line joining them passes through P. 

A 3. In a quadrilateral ABGD, which docs not lie iu a 
plane, prove that 

(a) the middle points of the foui sides lie in a plane and 
determine a parallelogram; 

(/>) the lines joining the middle points of opposite sides 
and of the diagonals pass through a point and bisect each other 
there; 

(c) two opposite sides of any plane quadrilateral PQBS , 
whose vertices lie one on each of the sides of A BCD, meet on 
a diagonal of A BCD. 
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B 4. Prove the identities 

+ (z* + a z - f) 

+ z*(x- y) {x 1 + y 2 - z 2 )~{y-z) ( z-x) {pc-y) (x + y + zf y 
(2y + 2z - x) (2 z + — y) (2 jc + 2 y - z) 

+ 2 {x + y + z) (2 j* + 2\f + 2z~ - hyz - hzx — hxy) + 2lxyz - 0. 

B f>. Prove that the arithmetic mean of n positive numbers 
is equal to or greater than the geometric mean. 

Prove that, if a , ft, c are three positive numbers, such that 
each is less than the sum of the other two, 

(ft -i c — a ) (c + a — ft) (an ft - r) < ahc. 


A G. By De Moivres theorem (or induction) find an expres¬ 
sion for tan nO in terms of tan 0 , » being a positive integer. 

By means of the equation tan or otherwise, prove 

that 2 tan 2 ' , 55, 

i-i 11 


tan ^ tiin “ ^ tan ^ * tan ^ tan - \/l 1. 


B 7. Establish Newton's formulae connecting the sums of 
powers of the roots of an algebraic equation 

X" +/V" 1 I ... + p H 0 
with the coefficients. 

Prove that if f/ a,-’(/? + y), where a, ft, y arc the roots of 

,r* + qx + r = 0, 

then y' - 3nf v (q* + :ir ,J ) ?/ - r 1 0, 

A 8. Shew 7 that the equations of tw o non intersecting straight 
lines may be put into the form 

y - x tan a, z — c and y — — x tan a, z — - c 

A point P moves in the circle 1 y 2 r\ z 0. Shew that 
the straight lines drawn from P to meet the two given non¬ 
intersecting straight lines will meet an} given plane z-h in 
points which lie on a conic. 

B 9. hive an account of some useful methods of finding the 
/dh differential coefficient of a function, with an example of each. 
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Prove (without assuming the series) that the value when 
x - 0 of 

i 7 n 

rf? teu r 

is 0, (n -1) ! , — (a-1)’, according as n U of the form 2/t, 4p + 1, 
4 p + 3, p being an integer. 

B 10. Shew how to determine the rectilinear asymptotes of 
an algebraic curve, without discussing exceptional cases. 

Find the asymptotes of the curve given by 

orij + ./y 2 + x}f + jr + = 0. 

Shew that no part of the curve lies between and 

*r = - 1, or between .r - 0 and- 3, give a sketch of the curve. 


Tiiuhsdw, 1 June. 11—4}. 

A 1. Shew that, if a rope presses against a lough curve and 
is in limiting equilibrium, the ratio of (lie tensions at the two 
ends is e where fi is the coefficient of friction and the total 
angle turned through \>y the tangent to the rope. 

A rope is passed round a framework of reetangulai beams 
with rounded corners as shewn in the figure. It the diameter 
of the rope d is small compared with the dimensions of tiro 
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framework, shew that the condition that it should not slip wheii 
a tension is applied at A, the end V beiug free, is 

wlicre l is measured as in the figure and /a is the coefficient of 
friction both between the rope and the beams and between the 
two parts of the rope. 

[Assume that the frictions at B act along BC '.] 

A 2. A stairway is made of n equal uniform smooth rect¬ 
angular blocks placed on top of each other and each projecting 
the same distance at the back beyond the one below. The top 
block is supported from below at its outermost point, Shew 
that the stairway can stand without mortar if, and only if, 
2/ ’ n — 1 a, where 2/ is the width of each block and a is the 
width of the tread. 

B 3. A sphere collides obliquely with another sphere of equal 
mass which is initially at rest, both spheres being smooth and 
perfectly elastic. Shew that their paths after collision are at 
right angles. 

The centres of two such spheres B, C, each of 3 centimetres 
radius, are at E> t\ where EF- 1 b cins. An equal sphere A is 
projected with velocity it at right angles to EF, and strikes 
first B and then (\ Its final path is perpendicular to EF. Find 
the point of contact between A and B. Shew that 
v 4 =■ 9w/2o, r B - 20m/25, r r - 12///25, 
where v A , v B , v c are the final velocities. 

B 4. A force F\ which is a function of the abscissa j\ acts 
along the axis of x upon a particle of mass m, which is free to 
move along that axis. Shew how the change of kinetic energy 
during any displacement may be represented graphically. 

A particle moving along the axis of x has an acceleration Xx 
towards the origin, where X is a positive function of x which 
is unchanged when - x is put for x. The periodic time, when 
the particle vibrates between x = — a and x = a , is T\ Shew 
that 

2a-/V:r 1 <r- 

where X u X 9 are the greatest and least values of X within the 
range x ~ - a to x = a. 
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tfhew that, when a simple pendulum of length l vibrates 
through 30° on either side of the vertical, T lies between 

2frJl/(j and 2 vjljg v \'w/3. 

B 5. Three particles f J , Q> Jt 9 each of mass m , attract each 
other with a force pan a (distance). They move on a smooth 
horizontal plane and, when £ = 0, are at A, B> C, and are then 
moving with velocities equal in magnitude and direction to 
A M<\M'A , KAB. Shew tlmt their centre of gravity, (r, remains 
at rest, and that each particle describes an ellipse about f? in 
the periodic time T - 

Shew that the area of each ellipse is where S is the 

area of ABC. 

B 6. State the laws of reflexion and refraction of light. 

The quadrilateral,1 BCD represents, in the two different cases 

» p 
i 



M. T. 


5 
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shewn in Figs. 1 and 2, the section of a glass prism by a prin¬ 
cipal plane. The angles at B and C are not necessarily equal. 
A ray P 0 Qu , in the principal plane, falls normally on AB and, 
after reflexions at BD and CD, emerges from A C along 
at right angles to AC. Find the relation between the internal 
angles at A and D in each of the two cases. 

If, in the case of the first prism, any ray PQ, in the principal 
plane, fall obliquely upon AB and, after reflexions at BJ) and 
CD, emerge from AC along RB, shew that the angle between 
th & forward directions of pQ and BS is A , whatever the index 
of refraction of the glass. 

B 7. The distance between two thin converging lenses, each 
of focal length /, is 2 a, where a >f 7 and 0 is the centre of the 
system. Shew that there are two points P u P 2 on the axis, 
such that each coincides with its own image. If their distances 
from 0 be sc lt .r 2 , counted positive when the incident light 
moves from P to 0, shew that 

•Ti /</+/ .r 2 __ j a -4 / 

a V a—/ 1 a V' a — f* 

If a small object of height h be placed at P 2 , shew that the 
height of its image is k (c + a),'(r - a), where r 1 = d 2 -f\ 

A 8. Give a short account of the experimental evidence for 
the law of the inverse square in electrostatics. 

It is required to hold four equal point charges e in equilibrium 
at the comers of a square. Find the point charge which will 
do this if placed at the centre of the square. 

A 9. Prove that the mechanical force per unit area on the 
.surface of a conductor is 2^, where <r is the charge per unit 
area. 

A condenser formed of two concentric spheres of radii a and 
h is divided into two halves by a diametral plane, the inner and 
outer surfaces being rigidly connected. Prove that the force 
required to keep the two halves together is 



where E and — E are the total charges on the spheres. 

A 10. It is required to light 40 electric lamps arranged in 
parallel. Each lamp needs a potential difference of 100 volt?* 
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between its terminals and uses '16 ampere. If the resistance 
of the leads to the dynamo is 2 ohms, calculate the e.m.f. re¬ 
quired for the dynamo, the energy lost per second in the lead>, 
and that used in the lamps. 

PkIDAV, 2 Jane. 9—12. 

A 1. Prove that if a vertical force proportional to the mas^ 
acts on each particle of a rigid body, the resultant force passes 
through the same point in the body however the latter is turned. 

Find the centre of gravity of a solid cone of vertical angle 
2a to the base of which is attached symmetrically a solid hemi¬ 
sphere of radius equal to that of the base, the whole being made 
(if uniform material. 

B 2, A particle is projected at time t = 0 in a fixed vertical 
plane from a given point 8 with given velocity J2ga, of whicli 
the upward vertical component is r. Shew' that at time t = 2ajv 
the particle is on a fixed parabola (independent of ?>), that its 
patli touches the parabola, and that its direction of motion is 
then perpendicular to its direction of projection. 

B d. A light string A BODE whose middle point is C, passes 
through smooth rings B, 1), which are fixed in a horizontal 
plane at a distance 2 a apart. To each of the points A, 6 Y , E is 
attached a mass m . Initially C is held at rest at 0, the middle 
point of BE, and is then set free. Shew that 0 will come in¬ 
stantaneously to rest when 00 = 4a/3. [The total length of 
the string is greater than 10a/3.] 

S hew that when C has fallen through 3a/4 from 0, its velocity 
is \/25uflr/86. 

A 4. A tube ABO of mass m is bent at right angles at B. 
The part A B is horizontal and slides freely through two fixed 
rings; the part BO is vertical. Particles P, Q, each of mass m, 
move without friction in AB y BC, and are connected by a 
string passing over a smooth pulley of negligible mass at B. 
The system is released from rest. Apply the principles of 
momentum and energy to shew that, when Q has fallen a dis¬ 
tance y from its initial position, its vertical velocity is n/6W5. 

Shew that the vertical and horizontal components of the 
acceleration of Q are 3^/5 and gjb. 


5—2 
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A 5. A particle moves under an attraction ^ per unit mass 

directed towards a fixed point S. Shew that it describes a conic 
about JS as focus. 

If this conic is a hyperbola, shew that the semi-transverse 
axis a is given by the equation 


where r is the velocity at a point 
distant r from and that the 
angle between the asymptotes is 

2 tan - , 

where l r is the velocity at infinity 
and p is the perpendicular from 
8 on an asymptote. 

A 6. The apparatus illus¬ 
trated is used to measure the 
pressure iu a lar^e nearly 
evacuated vessel connected to it 
at A* 

The reservoir of mercury I* 
is gradually raised until the 
mercury rises to the fixed mark 
E\ and to a point / J in the tube 
A The volume of (J down to the 
tube H is 100 c.e. and that of 
the tube I) (length 20 cm.) is 
‘04 c.c. per cm. 'Pile height of E 
above the top of D is 20 cm. 
l)raw a curve which would en¬ 
able the pressure in A , reckoned 
in millimetres of mercury, to be 
found from the distance of P 
below the top of D. 

B 7. A concave spherical 
mirror has its centre at 0. A ray 
from a point R , after reflexion 
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by the mirror at P, meets OR in S. The tangent plane to the 
mirror at P meets OR in T\ ami U lies between 0 and T. If 
OR-r, SO-Ky OT-t } shew that, without any approximation, 

1 _ i = 2 
r * t ' 

If the radius OP-tty and if POl'^Q, finds, when r - £</. 
If s is to be not less than lOOra, shew that 0 must not exceed 
5 45'. 

B 8. A thin double convex lens, of refractive index /u, and 
radii /■, s, separates media of indices yu,, ft., the face of radius r 
being in contact with the medium ft,. Obtain a formula con¬ 
necting the distances of image and object from the lens. 

If /x> ftp fju,, shew that there is a point on the axis at a 
finite distance d from the lens in the medium fa such that it 
coincides with its own image, and express d in terms of the 
two focal lengths. If r- 20, x - 50 cm., and if ft = 1 *5, fa = 1 ’3, 
fi_ 1, shew that <1 - 15 cm. 

A 9. A number of condensers of capacities (\ % (J» .. C„ arc 
connected (1) in series, (2) in parallel. Shew that, if ( i is the 
capacity of tlie resulting condenser, 

1 _ 1 1 1 

c~ c\ + rj- c„ 

in the first case, and (*- (\+ C>+ . (\, in tin* second case. 

A condenser is formed by a sphere B of radius b inside a 
concentric sphere A of radius «, A smmd condenser is formed 
by a sphere J) of radius d inside a concentric sphere C of radius 
r. Connexions can he made with B, J) through small holes in 
Ay a 

Initially.!, V are earthed and B , /> are at potential V . The 
sphere C is now insulated ami afterwards B is joined to C by 
a fine wire and D i* earthed. The spheres A and O are so fai 
apart that the inductive effect of either on the other may be 
neglected. Shew' that, if V is tlie final potential of B and (\ 
fT ab (r - d) — rd (<t - b) 
ah (r - d) + & (a — b) 

A 10. Explain tlie theory of the method of comparing resist¬ 
ances knowm as the Wheatstone’s Bridge. 
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Two arms AB t A C of such a bridge have resistances 10 ohms 
each, BD is a standard coil of 5 ohms, and CD a coil of ap¬ 
proximately 5 ohms, whose exact resistance is required. The 
galvanometer (in HC) lias a resistance of 50 ohms and can de¬ 
tect 10~° ampere. If the maximum current that may be passed 
through the resistance BD is Ay ampere, find to two significant 
figures the smallest difference between the unknown coil and 
the standard which can be detected. 

Fridyy, 2 June . —4£, 

A 1. Find all the solutions of the equations 
x + y + z =- </, 

X 2 + if* + Z z -= 

u* + if + z l ~ a\ 

A 2. By expanding (2 + ,r + 1 jx) lm + ", or otherwise, prove that 

, y 2 2 '" 2) (im j- 2 n) l 

^ ni n r -o /•! (2 m - 2r)! (« + r) ' (2m + 2«)! (2w) ! 

w and n being positive integers. 

B 3. If a, /3 nre two solutions of the equation 
a cos 6 m b sin 0 c , 

not difiering by a multiple of four right angles, prove that 
tan (a \ fi) - ^ . 

Show that the result of eliminating 0 between the equations 

<1 COS 6 T b Sill 0 - ( ] 

/> COS (i + q siu 0 rJ 

is (ajt + bq — f / / - (<C T (r - r ) (/>’ + - /*-). 

B 4. 'fhc bisector of the auale A ot a triangle A BC meets 
HC in D. Shew that 

A/) 2h< <os \A (b * r). 

Shew that if the square on A l) equal to thiee-quarters of 
the rectangle contained by the side^ A( T , AB> then the sides of 
the triangle are in arithmetical progiession, and that if the in¬ 
tercept A E on AB by the line through D parallel to AC is 
one-half B(\ then the sides are in harmonical progression. 
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B 5. Two circles B , B\ of radius a, touch one another and 
have their centres on a diameter of the circle A, of radius 2a, 
which they both touch internally. A circle C 2 is drawn to touch 
A, B and B'; a circle to touch A, B and C x , and so on; 
the circle G n touching A internally and B , G n _ 3 externally. If 
the line joining the centre of C n to the centre of A be of length 
r„ and make an angle 8» with the common diameter of B , B\ 
prove that 

4 a .. n 
- = .5 — cos 8 )} , 

(2«/r„ - 1) (2a/r„ + , - 1) = sin 2 4 ( 6„ - 0, (+1 ). 

Hence prove that cot = n, and that the radius Jt„ of C„ is 

2 a 

n 2 + 2' 

A 6. Prove that, if the tangent at a point P on a hyperbola 
meets the asymptotes in T 7 , T\ then TP- PT\ 

Parallels to the asymptotes are drawn through T f T' to meet 
in Q. Prove that, as P moves on the hyperbola, Q moves on 
auother hyperbola having the same asymptotes. 

A 7. Prove that, if the points in which the straight line 
t v v + m x tf + /?,-() meets the circle a* + if + 2 ifax + 2 f x y + (\ = 0, 
and those in which Lv + mjy + ??± = 0 meets 

,r + ir +■ 2g»r + 2J\,y + r, (), 
lie on the circle, then 

2 (<h ' ,7a) + 2 (/, -J\) (n 3 / 2 - nJ x ) 

+ (<h " Cl) (liMs ~ L^l) = 0. 

A S. Find the equations of the tangent and normal at the 
point {at 2 , 2 at) on the parabola y 2 - Uu\ 

Prove that the line joining the orthocentres of the two tri¬ 
angles formed respectively by the tangents and by the normals 
at three points on a parabola is parallel to the axis. 

B 9. In a tetrahedron A BCD two opposite edges AC) BD 
are of length h , and the others are all of length a. Taking B 
as the origin of rectangular coordinates, BD as the .r-axis, and 
BCD as the .ry-plane, find the coordinates of the vertices and 
the volume of the tetrahedron. 
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Prove that the edges A C, BD are at right angles, and that 


the angle between A B and CJ> is cos 



B 10. Find the equations to the perpendicular drawn from 
the point ((, y, {) to the straight line 

iC - a ij (i z — y 
l nt u 


From a point P , whose coordinates are a™, ?/, c, the peq>en- 
dicular PA1 is drawn to the straight line through the origin 
whose direction cosines are /, m , n, and is produced to P\ where 
PM = MP\ If the coordinates of P' are x\ ?/, z , shew that 


x + x y +j/ 
( “ m 



2 (lx i my + nz). 


B 11. Find the e<iuations to the normal at a point of the 
ellipsoid 


Normals are drawn to the ellipsoid at the points in which it 
is met by the plane lx + my \ nz p % Shew that the points in 
which they meet the plane x -- 0 lie on a conic. 


Saturday, w Jhm\ 9—12. 

A 1. A steamer is observed from a look-out tower of height 
h above sea-level. At a given instant the angle of depression 
is a, after an interval t it is /?, and after a further interval t it 
is y. Assuming that the steamer is travelling uniformly in a 
straight line (neglecting the curvature of the earth), prove that 
its speed is 

^ 11 (cot 2 a + cot 2 y) - COt a /3[ 
t 

Find the least distance of the steamer from the tower. 

A 2. Find an expression for the angle of intersection of two 
spheres which arc given by their equations in rectangular Car¬ 
tesian coordinates. 

Prove that the locus of the centre of a sphere which cuts 
three given spheres at the same angle is a plane. 
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B 3. Sliew that, in general, an approximation, N, to the area 
A enclosed by a curve y -/(.r), the axis of ,r and the ordinates 
,r = / y> ,r — f is given bj" 

N - // [J?/ () -M/, + ... t + 5.V-1 

where nh = e - - b, and y fJ ~J'Q> + yA). 

If #7 — Z) + i® + F£ 2 , and 4- >7- shew that 

fW’ !*(& + «.), 

./o 

wliere £ fl , £, are the values of £ when £ o, £ = //. 

Hence shew that, in general, a better approximation, 7\ to 
the area A is given by 

7 1 - [|r (l + Ci + ... 1 V! x 

where ^ - // - l \lrd 2 y!d.r 1 and is the value of 5 when .r - A +gF 
Find A when /(.#*)- .r 4 , />-(), r - 1, and shew that, when 
ff = io, *20333, r-* 19998. 


B 4. The coordinates of a point (} on the axis of .r arc £, 0 , 
and those of any other point P are ,t\ //. Find the value of 


r- 



From your result shew that, if .r Jlr + /'. cos c/>, // =. /> sin <£, 
then 


I' - log 


Jlr+r+t 

Jlr f/ -/’ 


H o. If the distance /S7 > from tlie focus A? to an element rh 
of the arc of a parabola, whose latus rectum is 4o, he r, shew 
^ iat | dajr 1 ho 

If the normal at P cut the axis in (» and the tangent at the 
vertex in ./, shew that 

ff/x/ inJ— ttJv. 

In each case the integral is taken over the whole curve. 

B G. The polar equation to the cardioid is r = a (1 + cos 0). 
►Shew that the circumference of the curve is 80 . 

If A be the area of the curve and V the volume generated 
when the curve revolves about the line 0 - 0 , find A and V , 
and shew that 9 V= lGoA. 
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B 7. Shew that 

f "/ 2 sin x cos x dx __ ^ 9 
Jo cos“ 4 8 cos x + 2 0|5 8 * 

L- , f/—-=^og(2W3). 

7u (] - 2.zr) sjl - or * 

Apply the substitution # = tan to obtain the integral 

f _ ^ _ 

Jo 1 + e cos .r 

for the case when ^ < 1, and shew that, when a - the value is 
irjj 1 — tr. 

B 8. Solve the differential equation 


x (x -1) ^ - (x - 2)<y - •>"* (2.r-1). 
if 

and if 2 - 0, and rfc/</.r - 0, when ^ - 2, shew that, when 4, 
s = 44 ^ log 9. 

A 9. A sphere of radium and mass ^7 is loaded so that its 
centre of gravity G is at a distance r from its centre 0, and is 
suspended by a string attached to a point P of its surface, GP 
subtending an angle 0 at 0. The sphere is partly immersed in 
liquid of density p and the tension in the string is M'y. Shew 
that the depth h of 0 below the surface of the liquid is given 
h y M- M = >P (« + h f (2 a - h\ 

and that the inclination of GO to the vertical is 

. . J/Vf sin 0 

tall_ 


A 10. Prove that the centre of pressure of a triangle wholly 
immersed in a liquid with one side parallel to the surface is at 
the centroid of three masses placed at the middle points of the 
sides and proportional respectively to their depths below the 
surface. 

One wall of a tank slopes inwards from the bottom at an 
angle 0 to the vertical and contains a triangular trap-door, of 
weight W r , which is hinged about the horizontal side B(\ has 
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the vertex A lower than BC, and can open outwards. The 
vertical heights of the vertices above the bottom of the tank 
are «, b, />. 

Prove that if water be poured into the tank to a height h so 
that the trap-door is entirely below the surface, it will remain 
closed provided that 

W 

h < — sin 0 + i (a + />), 

A being the area of the triangle and s the weight of unit volume 
of water. 


Saturday, 3 June. 1^—4J. 

A 1. Provo that the equation of a family of coaxal circles 
can be expressed in the form 

.r 2 + y 2 + 2 gx + c ■= 0, 

where g varies; distinguish between the cases when r is positive, 
negative, zero. 

Prove that the locus of the poles of a given straight line with 
respect to the circles of the family is in general a hyperbola, 
with asymptotes respectively parallel to the radical axis and 
perpendicular to the given straight line. 

A 2. Find the equation of the bisectors of the angles between 
the straight lines given by 

Ax* + 2 fLry + Bif - 0 . 

One of the bisectors of the angles between the tangents from 
a point P to the ellipse 

<r;(r +jf ir - 1 

passes through a given point (<(, 0) on the major axis. Prove 
that P lies either on the major axis or on the circle 
tl (,<r + y 1 ) - ,r (tr - fr + d 2 ) + d (jr* b 2 ) = 0 . 

A 3. Prove the fundamental property of a pair of conjugate 
diameters of an ellipse, namely that each diameter bisects all 
chords parallel to the other. 

Frove that the length of the perpendicular from the centre 
on the chord joining the ends of two conjugate diameters lies 
between ajj 2 and bjj'2, where a and b are the semi-axes. 
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A 4. Differentiate with respect to 
■?'/V0 2 - 3 s ), log o + J(u ! + «*)};{ - -r + J(a- + ,/'-)!], 

(sin .r) t,ui x y tun -1 (tanh *r). 

A 5. Assuming that tan x can be expanded in powers of ,/*, 
find the expansion up to .r 5 . 

Prove that, if A y A ly A s denote respectively the area of a 
circle, of an inscribed regular polygon of n sides, and of a similar 
circumscribed polygon, then 

n “ A^)-+irA, 

n 4 (2J- + l* 4 A, 

as n -*■ oc , 


A 6. Assuming the fonnula for total differentiation 
du hi d.v hi dy 

^ ” 2/v. .7* a., J-l * 


?,r eft dy dt 
dy (Py 
d.v ’ dar 

in terms of <r, y , when/(./■, y) = 0, and prove that 


find 




/w/. a ) (/.* 


where suffixes denote partial dilferentiation. 

Prove that the radius of curvature at the point (2r/, OJ, on 
the curve (y 4 ff _ 2 n,r (.r + //-') - <?f = 0 

is 4ft/3. 


B 7. Determine by graphical methods the stresses in the 





77 


1922] MATHEMATICAL TRIPOS. PART I 

members of the framework shewn, indicating which members 
are in tension and which are in compression. AH the joints are 
freely hinged, and the whole is supported at A and H. 

B 8. A particle is hung at the end of a light string CD 
knotted at C to two equal light strings A(\ Cli fastened at 
points A, B at the same level. Find the equations of motion 
for small oscillations of the particle in the vertical piano through 
A h y and in the vertical plane through (' perpendicular to A li* 
and integrate them. 



If // =- Hfr, shew that the pm tide maybe made to describe an 
arc of a parabola. 

B 9, A flywheel, turning with average angular velocity p, is 
acted on by a driving couple -1 sin 8 //?, and has a constant couple 
lA opposing its motion. Find the least moment of inertia re¬ 
quired to make the difference lie tween the greatest and least 
angular velocities less than p/lOO. 

B 10. A uniform rod of mass m and length 2a is lying on a 
smooth horizontal table and is struck a blow B perpendicular 
to its length at one extremity. Find the velocities with which 
the two ends of the rod begin to move. 
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